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RECOGNITION OF TOPOLOGICAL INVARIANTS* 
BY ITERATIVE ARRAYS 


Abstract 


A study is made of the recognition. and transformation of figures 
by Iterative arrays of finite state automata, A figure is a finite 
rectangular two-dimensional array of symbols, The iterative arrays 
considered ere also finite, rectangular, and two-dimension*l. The 
automata comprising any given array ere called cells and are assucsd 
to be iaomorphtc and to operate synchronously with the state of a cell 
at time t-l-1 being a function of the states of it and its four nearest 
neighbors at time t. At time t=0 each cell is plated in one of a fixed 
number of Initial states. The pattern of initial states thus intro¬ 
duced represents the figure Co he processed. The resulting sequence of 
array states represents a computation based on the input figure. If 
one waits for a specially designated cell to indicate acceptance or 
rejection of the figure, the array is said to be working On a recog¬ 
nition probLera, If one ■waits for the array to come to a stable config¬ 
uration representing an output figure, the array is -3Aid to be working 
on a transformation problem. 


Chapter 2 contains 4 general theory of recognition, Therems on 
the amount of time required to perform recognition and on methods of 
speeding up recognition are presented, Some properties of the classes 
of recogniz-sble figures are given. Arrays are compared to other types 
of figure recognition devices, In the last section the class of linear 
predicates Is studied, A Linear predicate is a family of figures which 
can be recognised in time proportional to the perimeter of the figure. 

Chapter 3 contains a study of the recognition of seme topologically 
invariant properties of figures, A fundamental transformation of 
figures ie presented And is then used to show thee a wide variety of 
topologically invariant properties form linear predicates including 
connectivity and solvability. 'Two properties whose linearity is 

open are discussed. 

Chape ter k contains 4 brief study of transformation problems. Some 
general theorems are presented a= well as discussions of specific 
transformations* An Optimal solution to the two-dimensional firing 
squad synchronisation problem is also presented in Chapter 4. 


In addition to the formal results, several open questions are 
presented and some iterative programming techniques are considered. 


*Ttiis report reproduces u theaia of the same title submitted to the 
Department of Mathematics, Maasachusetts Institute of Technology, in 
partial fulfillment of the requirements for the degree of D-octor of 
Philosophy, 
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CHAPTER i 


ISTEWETCTICN 


1 * 1 The Topic 

In this thesis we study tins recognition and trj*ns formation of 
figures by iterative arrays of finite state automata. For our 
Ijurpcses a figure is a finite rectangular two-dimensional array of 
symbols, Dur iterative arrays are also finite* rectangular, and 
two-dimensional. We call the automatai which stake up such an array, 
cells* All the cells in an array are assumed to bo Of ths sans type, 
that I®, isomorphic, fha cells on the edges and comers of an array 
may operate in a manner unite distinct frqn those in the Interior, 
but this is to m thought of as an effect which takes place because 
these cells can sense that they are an ths ed#'CS rather than because 
they are Inherently different from the Interior cells. All of the 
calls are placed in the array with CQAunOn orlencation, and saci call 
is connected to its four nearest neighbors, the array functions 
synchronously, with the state of each ceil at time t + 1 being a 
function, of the states of it and its fcur nearest ■neighbors at time t* 

At time t = 0 we place each cell in seme initial state* The 
configuration of initial elates thus introduced represents ^ figure 
which is taken to be the input to the array, Given an input figure* 
the array proceeda free* state to state with the stats transitions of 
the array being detsrained by the transition function of the call 
typo from Which the array was constructed. The progression of array 


S 


states may be interpreted as a computation based on the input figure* 
Cf the many Lnterprebatl3ns possible, we will consider two which we 
call recognition and display. 

In a recognition computation we view the array as ah acceptor 
of figures in much the 3i.m0 way that a finite state automaton way be 
viewed as an acceptor of tapes. Two cell states a;tt designated as 
final abates corresponding to accept and reject. These states are 
assumed to be terminal. Wc input a figure, all™ the computation 
to proceed h and observe sOrae Specially designated cell, say the 
northwest comer cell. When that cell enters one of the two final 
states* we say' that the figure has been accepted or rejected. 

In a display computation we view the array as a device for 
performing' a transformation of the input figure* Certain cell states 
ire designated, as final states and arc assumed to be terminal- We 
input a figure, aiitw the computation to proceed, and observe the 
array until it enters a state in wh.ich each cell is ir. a final State, 
We interpret the resulting configuration of final states as a figure 
and take that figure to be the output of the computation. 

The major portion of this thesis is devoted to the study of 
recognition* A central role in this study Is played by the concept of 
predicates which are simply collections of figures* Usually the 
figures comprising a particular predicate share seme common property 
which is of interest. Given a particular predicate and a cell type, 
we say that the cell type recognises the predicate if the arrays of 
that type accept exactly those figures belonging to the predicate 
and reject all Others* We consider questions SUOh as the following- 
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"Whit may be siid about the class of predicates which 
■ire recognizable by arrays? 1 * 

"What may bo sold about the spued with which a given 
predicate can be reoonjntzedt■ 

^Eow Powerful are arrays ag recognition devices? - 
^To what other device 3 nay they be compared? ^ 

A Eodest theory of recognition is developed in an attempt to answer 
these and other questions* In addition the application of arrays to 
dotr* specific recognition problems is considered. These problems 
Include the rscognition of connectivity, simple connectivity> and 
more complicated topologically invariant predicates. ELsplay problems 
arc treated, briefly in a concluding chapter* 

t*£ Ibe Background 

Che of the earliest uses of iterative arrays was by ven Neumann 
who used the structure of a regular array of Identical automata as Lbe 
framework for a study of self^reproducing automata. The von Neumann 
manuscript has been edited ar.d completed by Barks^ . 

Hennle'"'* has performed an extensive analysis of the functioning 
of iterative arrays In several dimensions* In his work arrays are 
classified according to the number of dimensions, the nuaher of 
directions of signal flow, and whether or not the cells have an Internal 
memory. H«nnie r s cells are equipped with external input and output 
lines. Figures are presented to the array by placing an appropriate 
stimulus on each input line and maintaining the stimulus until an 


? 


appropriate output la obtained* He does n^t always assume that the 
cells have been reset to a canonical state at the tine the input is 
juresunted. Thus a fiver- input figure nay tause different behavior in 
the array depending on the configuration of states at the time the 
input was presented* If an array always achieves a steady state no 
natter what Its initial configuration and input, it is said to be 
stable. If an array has exactly one steady state corresponding to *my 
given input, it is said to be regular* Herrnle studios the question 
■of determining the stability or regularity of a family of arrays, 

» description of a typical cell* He finds algorithms far 
r-nswH-ring thflSE questions in most una-dimei)slonal cases and goes fin to 
show that the same questions are recursively unsolvable in higher 
dimensions under all but the most severe restrictions on signal flow, 

He also studies the relative computing power af arrays of various 
typer, Hauy of the questions studied by Hennie deal with arrays par 
ae as opposed to the application of arrays to computational problems, 
Since we tend to emphasise the latter type of problem, we feel that 
our work forms a compliment to that of Hernia* 

Ma^y people are introduced to iterative arrays via the cna- 
dimensional firing squad synchronisation problem* This problem has 
bean credited to John Mybtll £1967} fcy Solutions ef 

varying degrees of efficiency and generality have been published V 
Waksman^^\ 3alsar^\ and, Moore and Langdon The tva- 

diaansional firing squad is discussed in Section h«3 below. 

The reel time canputing power of iterative arrays has bean studied 
by Cole^^, Atrubia^\ and Tischar In their models, one cell 
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of the array la equipped with input and output channels* A time 
aequonc* of inputs ia f«-st into this Mil tnd a ccwputed output sequence 
is produced. Arrays are thus slewed as another for* of sequence 
transducer. Atmbin shows that multiplication of two binary coded 
numbers najr be performed in real time by an infinite one-diwenaione 1 
army. Fischer shows thnt an infinite ■ane-dlnmnalooal array ran 
genuratE the chnractsrietig function of the set of print integers in 
real time* Cole performs extensive studies of the real-time 
COfflputaticnal powers Of in.fini.ta iterative arrays in arbitrary 
dimensions. He establishes rolalions between the real-tima eDeputing 
power of such arrays and the information capacity of tha inter-cell 
c dnnec tian a * The upe of arrays as figure ctaputers is not considered 
in these papers. 

The Us* of arrays to process two-dimer.sisr.ai figures has been 
considered by Atrubin ' ^' who analyses several examples of simple 
figure transformations, but makes no attempt to formulate a general 
tneory* 

Hany algorithma for serial computers have been published which 

fipd a natural setting ip iterative arrays. Examples are the shortest 

fq* 

path method Of Le*^ f and the picture proeeBsing of Hosenfeld and 

PCAlU^K 

f nl 

The review of highly parallel computers by Kurttos^ oontalna 
the designs of many theoretical and actual computers which incorporate 
regular arrays of Identical processing elements. Among those discussed 
wo sight mention the fl spatially oriented * computer of Unger^^ and 
the ILLIAC IV d«scribed by Barnes^. 
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Our work haa been £ really Influenced by the work of Minsky And 
Papert' 1 - ! ■' on the perceptrcn. In their boot they state: 

“toad theories rarely develop outside the context of a 
background of well-understood real problems and special 
cases* ♦ . * Accordingly* our best course would seem to 

be to strive for a very thorough understanding of well- 
chosen p&rticular situations in which these concepts 
(parallel., serial* etc*} are involved* 1 " 

This thesis is an attempt to analyse a special ease of parallel 
processing lit the same spirit and in a manner compatible with that 
of Minsky and; Fapsrt, 

1.3 The Lay-Out 

Chapter 2 contains a general theory of recognition. After SOme 
basic definitions* an example of the solution of a recognition problem 
Is given. Next the amount of time repaired for the solution of 
recognition problems is taken up. V.'e give the Interdependence Theorem 
which allows us to predict the future state of a cell* given sufficient 
information about the current states of it and its neighbors* The 
Interdependence Theorem, is used to establish lower bounds on the 
recognition tine of most predicates and is also the basis of the 
Speed-Up Theorem* An adapt#tiori of a well-known iterative technique, 
the spead-hp Theorem stales that if recognition can t« carried out by 
an array within time T(m,n) where the array Is of sise mm* then 
for any integer k a second array can be constructed which will carry 


cut th-0 computation within time l*T(ni,n) + m + n + 2* Finally we 

k 

have the Minimising Theorem, which sayg that two distinct methods or 
^eopiiiing a predicate my be com bleed tc obtain a method which is as 
fast an any figure as the faster of the two* 

•Chapter Z continues with a study of the computing power of 
arrays* Ke find that arrays are not universal computers, but are acre 
powerful as figure recotsniaars than the pesbl© automata of alum and 
Hewitt 1 '^, In fact* array* are equivalent in power to* although 
faster than, linear bounded automata which are allowed to walk about 
on a fifure* This equivalence was to ba aspects d since the amount of 
stoics available to an array increases linearly with the .size of tbs 
figure* A'e show that the class Of recognisable predicates forms a 
boolean algebra, Same updedidzbility results a™ obtained including 
the undeCidahility of whether or not a given cell type recognizes a 
given pre dicate, 

Chapter £ ends with a brief study of the Class of linear 
predicates {those which are recognisable in. time proportional to the 
perimeter of the array)* It is shown that a linear predicate is, in a 
certain well-defined sense, recognizable aiisost as fast as any 
predicate* This fact is interesting because it is shown in Chapter 3 
chut som intuitively very complicated predicates are linear. The 
class of linear predicates is shown to be a Boolean algebra and some 
unsolvable problem* are presented, finally we discuss the open question 
of whether or not all recognisable predicates are linear* 

Chapter J contains a study of some topologically Invariant 
predicates {predicates over black and white figures which depend only 


on trie manner in which th* heles and components of the figures are 
embedded within each ether). We first develop a simple hut very 
powerful transformation of figures called me connectivity transforma¬ 
tion, Uiing this transformation as a basis, we prove that a wide 
Variety of predicates including "connectivity" and "simple connec¬ 
tivity" are linfiar,, It is shewn that it can b* determined whether cr 
not a -aae is solvable in lass time than is required for the trans¬ 
mission cf a signal along the shortest path of the maze.. Thu problems 
Of solving nultiLeVel mares and developing a threa-dimensioua1 
ccnnectiiT-ty transformation are discussed. “t. is shown that the 
solution in linear time of multilevel mazes would irpiy that any 
predicate recognizable by a finite stats automaton was linear. 

Chapter 4 contains a brief description of the use of arrays in 
display problems and presents seme typical figure transformations 
which may be carried Out, Several open Questions are presented* 

Throughout the thesis many open questions are raised. These 
questions may be referenced by looking in th* index under "open 
questions** 

In addition to the formal results obtained* we haves included 
discussions of several inters tive programming techniques, These 
techniques were developed to solve specific problems, but are of 
general interest* They may ha found by looking in the ir.dex under 
"programming teehnlquaa*" 
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CHAPTER 2 


ffiSCHT OF HHCCXEJlTICN 

la this chapter ws will formslice the notion. of iterative array 
and study some aspects cf tiie theory of the recognition of ft gyres by 
Iterative arrays, 

2*1 Bails itofinitioms 

Consider a finite, rectangular, two-dlnenstonal iterative array 
*f fini to state automata, Such an array is pictured below with the 
automata represented by squares, Hu lines connecting the squares 
represent comaunicatiotl channels between the automata. 



^The autcmatft used Id 3UCh a construction, are called cells and 
the entire arrangement is sailed an iterative array or simply an 
array * Other terns used in the literature include 11 cellular array H 
and ‘■Iterative array of logical circuits," We assume that all of 
the cells in, the array are isomorphic and have been placed in the 
array with common orientation. Each cell is connected with its 
four nearest neighbors. The array functions synchronously with the 
state cf a cell at time t + 1 being a function of the states of it 
and its four nearest neighbors at tine t* 
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■pie above descriptions assumes that every cel1 in the array ha a 
four nearest neighbors whil* id td* diagram it appear?? that the cell a 
on the edges and comers, of the array have fewer than four. Wa have 
hrare a conflict of interest. On the one hand we would like to be able 
to treat all tha tjelia as if they Were Lhft saint r allowing U 3 to make 
EtatecentE such as •'All cells are iser.orphi c" and "Saob cell is 
conn acted to its four nearest neighbors* 11 Car the other hard we 
definitely want to rake use of the fACt that the cells on the edges 
and comers can operate in a maxmer different from those in the interior* 
Fortunately these two points of view can be resolved by a simple 
technical device* Informally we will continue to think of an ArrAy 
as a finite rectangular nrrAngemerit of cells. Formally, however, we 
will jitc ;ura this finite array Cf cells As being embedded ill a two-way 
infinite cellular space * All of the cells in this space which are not 
within the finite array will be in a special terminal State* e» called, 
the edge state * Thus the Only real computation within the space takes 
place within that finite portion known as the array. Any cell in the 
array cars determine where it lies with respect to the boundary of the 
array by detemining which of its neighbors are id edge states* Thus* 
for ejcample, the jjerthwHst comer Cell of the array can operate in a 
manner Which is campletoiy unlike any Other cell id ik* array and yet 
vo car consider it to be isaoorphic with all other cells id the array* 

The description of a "typical* cell in an array must actually describe 
tha behavior of that cell id Bach Of the sixteen possible positions in 
which it can find itself with respect to the boundary of an array. 

For the shke Df gimp!icily wa will colt frem. our diagrama ail 








Calls *h -cb do not lift within the array ana will suppress the Unas 
Indicating intercell connections. Qur diagram, new beecEBS simply t 



Since the ceils which d,D not lie within the array are always in 
ataia a, we seldom have to mention them explicitly, ha re rthe le ss they 
are tacitly assumed to ba present at all times. 

TO operate an array as a recognition device for black and white 
figures, One designates two Of the Cell‘a states wO 'Pft Sw3.ti@5 

corresponding to blade and whit©. At tiaa t » 0 vnry call in the 
array is placed in one of the two initial states and the pattern of 
stales thug orested represents the figure to CO processed. EJb g.-inning 
with the initial state- representing the figure* the array proceeds frm 
state to state until finally a designated; cell [we will always use the 
northwest comer cell) enters one or the other of two specially 
designated final states thus indicating whether the figure has been 
accepted or rejected. Ihe final states are assumed to bo terminal. 

Kcte that we use only on& accept state rather than many. The use of 
a single tsminal accept state is merely a technical convenience and 
causes no loss of generality* By using the techniques of Theorem 2*5 
below, any cell type with multiple non-terminal, accepting States ban be 
converted, into a call type with a single terminal accept state* 

An array operating in the mode described in the preceding 
paragraph is said to be working or, a recociitlon problem , the 
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extenticri of recognition problems to include input figure s of more tian 
t'jo oolor& and to n -way classification rather than binary ela3siftca.ti.cn 
is .ctral.jht forward. 

^heae informal remarks motivate the following definition* 


tef inition 


A call tjpe M is 4 5-tuple (5*I,>',e whans 
3 la a finite sot of cell a tataa i 

I is a aubaet of 5 called: the initial states ; 

T Is 4 aubaet Of S Galled the final states ) 

e is a dl s tingui at e d raom'bar of & called the 

edffa Statef and 

5 

E is i function gj S’S'-S -—-*■ S called 

h 

the transltlfln function, 
sued that final states are terminal 


( 1 *«* V a £ F* 



* 0 ) 


and edge states are conserved* 


(i*e* V r€$t a ( [* 


* e 


a =! e } 


Two notAtlonal devices have tver, introduced, in the above 
definition,, One is the 1tf3 ~ diaenslar.al cartesian £ redact * ftather 
than express the domain of the transition function as the usual linear 


cartesian product of sets* we have taken the liberty of arranging the 
factors of the product in a *— JM ~i—*— 1 manner which more clearly 


illustrate a the process being modelled* Iba second notatlanal device 
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introduced Is tlu don't care symbol . + , which. ia ueed to repiaci 


univarsslly quantified variables „ 


notatioacal shorthand far H Vs, 



* 


Thus " g ; [* 


*] ) = s H is 


* 1 

F 

} 

Vs, Va* fit 

5 

33 > - s* u 


b. 



Ihe set 


c-ver which quantification takes plats Is usually understood* 


tot K be a 0*11 typifl* An array temptaed of cells of type M 1s 
said to be Mi array of; type M. If the array Las it calls per column and 
n tills per row* it is said to be- an n^n array of type H* The notion 
■tf tell type formalizes the mechanise underlying the Operation of an 
array * Corresponding to the idea of an instantaneous description in the 
theory of Turing machines* we have the following definition. 


>_iln_ltlor. 

An faun description of type M {or simply a ie0Crlntlon 
if e, n, and M *re understand) Is .in m*n matrix with 
entries in S„ where S Is the set of cell states of 
the oell type K» An initial description is a 
description, all of whose entries are initial states. 


Kota that a Bun description contains only enough information to 
dot*mine the states of the eells within an m.<n array* The states of 
the remaining Cells in the space aro formally set equal to e by the 
following definition, 


1 ? 

























If D is an m*n description of type X than the 
atatA of <J*11 £i.j) in Si denoted y is the 
(i f entry in 3 provided 1 <r 1 and 1 £ n. 

and is a otherwise, where e is the edge state 
Df W, 

Wots that we have introduced n&trl* type coordinates. For 
e^anpi* call (l t l) is the northwest comer call and cell is the 

southeast cnmar call. 

-,T« transition function is now used to define the obvious nation 
Of -TUi'wsscr, 

Ihflnitlcn 


Le t D be an st*n description of type M* The 


sttowsaor of D is the mien description of type M* 


D' f given by 


0, 




where g is the transition function of K* 


We can now fonaalixo the concept of a ctHiputation. 
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definition 


AH JLH-n c-amputatlan of type M ia iin Infinite 

sequence JiOf *> tP t D^ t , ,,, of mxn descriptions 

of type Jf such that 
0 , 

0 ii an Initial dsaeriptJLan and 

Is the successor of far all l ^0, 

If £f- i la a corajiuta tiara* then 

la aald to be the state of cell (i,j) it 
time t in the explication j£f. 

This completes the formalisation. of the terns iieoessary Far 
describing an array and Its functioning* We now formalize the tents 
necessary to describe recognition prable**. 


.Definition 

An n^n over the sat I ( or simply figure If 

’. n f and I are understeed) is an mn matrix with 
entries In I* 


We will most frequently consider figurea over the sat ^ b,¥f 
represent ir.K black and white * When we wish to represent a specific 

rather than 


figurs over I * we will use a diagram of the for* 


Standard matrix notation, Note that a figure has a specific six*. 

Thu 5 —- 


and 


are distinct figures even unoogn both 


are blank, 

Recognition problems involve the separation of all figures over 
■* fixed set into two classes, the accepted figures and the rejecte d 
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fi^uPE a, we concentrate cur attention ra ms of the two classes. 
Definition 



It la the predicate which allows as to make enjnnactloaa between 
figures ^hicto have similar properties* For instance ws could fonD a 
lirediM.tr by taking the sat of all blank figures or the act of all 
figcrcs containing five or fewer black squares* 

f'liLfJly w* relate ecttputatiopis to recognition of predicates. For 
this purpose we will fix a sat F * {a* r } which represents the final 
two statf S of any dell t/p* involved in a recognition problem* The 
states a and r correspond to accept and reject respectively. 

Iflflnitlcn 


1st be a predicate over the set I and let X 
be a Cell type* We say W accepts ^(respectively 
rejects V'3 if the fellowing hold 3 
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My that M re cognises if 
±] M accepts S^ t and 
ii) H rejects 

flo-te that we actually require the set of initial spates of K to 
be the ^ame set as that over which ^ is defined * ^his not only 
eliminates the need for introducing an arbitrary corps sspaadft&ce, but 
actuslly makes a figure, and: an initial description the tiKi fenaal 
object, 

fl'e have rsde an arbitrary choice of cell (1,1), tha northwest 
comtr ceil, as bsi-ne the cell which is designated to give Lne accept 
or r* ject signal, Che could make a case for having the designated cell 
he scmmihare more centrally located in the array, but then one would 
clthirhave to introduce additional machinery sc that that cell cculd 
be singled cut, cr have the array compute the location of that cell 
each tine it performed a computation, 


2.2 kn Example ; 

Perhaps it would be best at this point to give aom-e life to Our 
definitions by considering an example. 

Let ^p Afi b* the predicate ever consisting cf all figures with 
an add number of black cells, 'Ibis parity predicate plays an 
important role in the work of Minsky and Fa pert on the perceptrcn 1 ^ ,l ’'?, 
They show that fp, AR is very difficult for a perceptron tc recogr.ite 
and use- this fact to show that many other predicates which are 
reducible in percept ran theory to ^ PAH; are also difficult for a 
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psrce ptron to rtCOgnll* ♦ Wt) will see thap fp^ is quite easily 
r*CO£.nir.ftd by arrays* It is introduced hi*™ only as an BJttupli and 
plays no role in cur theory* 

We now describe a cell type H pAfl which recognises * The 

most precise way ef doairlbing -p A j^ would be to list its states and 

display a state transition table* Unfortunately a cell type with b 

states has rows in its couplets state transition table. Since the 

cell type we are about to describe has 6 states, its transition table 

Tjould haye 6^ ■ ?,??& entries, taking it quite unreadable as well as 

shedding little light on tha rethod by which Wp^ carries out its 

computation* Urt of the don 1 ! cart symbol, *, drastically reduces the 

number of entries needed, but a till leaves tha underlying method of 

computation to be puialed out be the reader. It has bo*n found that 

the test method of describing the functioning of a cell type ie to 

descrite the action of B typical array composed of ceila of that type 

on a typical figure* Attention is thus focused cn the method of 

computation rathar than the machinery which carries it cut* In most 

cases we do not a-von attempt to give a can pie te list of the states 

involved ir. the cell type* The reader whe is interested in m-cra 

(A) 

detailed analysis of cell types may refer to Hennie 11 and 
Atrublt / 1 \ 


Operation of Assume the figure to be processed is at 

least 2*2, The cases of 1 Jin and PUl are easy modificatiOil 3 of the 
main idea* Each cell which is not on the northern edge of the array 
Simply copies the state of its southern neighbor* In this way the 
information within each column of the array is shifted to the north* 


ZZ 




When tie infomaticm arrives at the northern edgs, it is shifted to IJia 
west bv the calls on the northern edge* All inform*tic« eventually 
arrives &t the northwest etmar. Each ceil on the north*m edge of 
the array octnbiiMs the information arriving. from. the south with that 
arriving from the west in such a way that parity is preserved* The 
northwast comer cell eventually arrives in state b or w depending on 
whether the parity was odd or even respectively* All that remains is 
to cause the northwest comer cell tc enter the appropriate fusel 
state* This is accomplieked by having a contagious 11 dons* signal d 
'he gin Ln the southeast comer at tin* t = 1 and spread at the rate of 
One cell per unit time toward the northweet corner colli By the ti** 
the north.West Comer detects the done signal, all of the parity 
Information will have been processed and the- appropriate final stats 
can he entered. 
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fflO foilwing diagram illustrates the prc-ceea for a particular 


1**5 array. 



ri; , ap described above has six stales: 


b black 
w unite 


initial states 


d done 


e 

a 


edge 

accept 


final states 


r reject J 

The reader who la concerned with the number of states vised in Hp A ^ 
ma 3 r Wish, to shew tnat K ^ R oould be Modified to have only five states.. 
















































































2+3 timing 


Not* that Mpjp in general takes m + n - t tijse units to 
reCO^Lito An n.vr. figure, Wa will be- quite interested in the amount if 
time squired to recOgniie Various prediC£^S, JP we now define some 
Appropriate terminalugj r 4 

flefiHlticn 

Let K be a cell type with Initial states I* F, a 
figure over Ij and - P, H 1 * S 2 , J?, the 
computation of type X with P as its initial 
description* If i is a real number, we my that 
K recognise s F within time t provided, th?t D^" 

— — ‘ *“ i I 1 

is a final state of M T where [ ] la the greatest 
integer function., 

It would certainly have been adequate in the above definition to 
restrict t to the positive integers* However, the slight generality 
obtained by allowing t to range over the reals will be useful later* 
The tiding functions in the following definitions ars resl valued for 
the same redsop* 

Definition 

Let V 1 ' be a predicate over I; X, a cell type which 
recognises f j and Tfe.n)* a real^valued function. 

We say that M re cognises ^ within time T*s „ h J 
provided that M re-dognlces every nun figure over I 
within time T(ai T n) + 









Tie foil (suing definition foms a basis for measuring the 
cornfield, ty of predicates with respect to iterative arrays* 

Lefijiition 

Let ^ be a predicate and T[Kin) a rea]-valued 
function. We say that $ is recognizable within 
tins if thfirE axiste a cell type K such that 

X recognizes V' within ti^@ T(iE,n)* 

Thus we would say that Mp 1R recognises l /' , p AR within tine 
c + n 1 and that Pp^ is recognisable in tine a ■*■ n ~ t* As we 
shall see in Corollary £*Kt below* Ira nut recognizable in time 

» + n - 2. Till 3 result is an application of the Interdependence 
Theorem* Tu properly state the Interdependence Theorem, we need 
three no: - * definitions* 

definition 

Let e 1 = (i-|i^J and o^ * b« two calls* 

The dlatajice between q^ and la given by the function 

3 |*i - H\ 4 Ml - h\ • 

A'etc that the dlstance function p is 4 metric on the set of all 
cells and that the distance between two cells equals the amount of 
than it takas a signal to travel frou one to the other* 
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Definition 


If d Is a positive integer, then the d- nelaflaborhood 
of 4 e*H a ia the set 

= { o' 1 [ c ] Is a cell wd jo{t,c 1 )^d}» 

Since neighborhoods Are defined over tie two-way infinite 
cellular space cf ceils, there are nc edge effects end hence all 
d-neLghborhccds nave the same slie and an Ape* Indeed the d^ueighboriiood 
cf A cell, c contains l + Z ■ d - (d + t) cells And fona A dlAmOnd shaped 
■' a titer cf cells about c + For example* 1-* £-* and ^-neighborhooda 
hav* the following ehapeei 



Kota that the state transition function for any cell type i* 4 
function Which has as its detain 4 twc-dliaonsional cartesian product of 
cell s cates in the shape of a 1-neighborhood and which is used to 
predict the state of the central cell of that neighborhood at on* tisie 
unit in the future* The following definition and theorem generalize 
thip concept* 

Definition 

Let d be A positive integer and M a cell type with 
set of states 5. Than A d- neIghborbcod lunctlcn ftf 
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type H is a function whose dOa&in is the two- 
dimensional d irtesian product Of 3 with lta*lf 4 
total of 1 + 2’d'£d + 1} titt'es tarrangwi An the 
shape of a d-neighborhwd) and whose range is 3* 

Theorem i, 1 (Inters Impendence) 

Let W be a cell type and d a positive Integer, then 
there exists a d-Tteighborhcod function of typ* M* 
say ft such that if $$ = p D** ** + Is any 

computation of type !■!, i is any non-negative integer* 
and o is any cell, then the state of c at time t + d 
car. be obtained by applying f to the d-neighhorhood 
of e at tir.e t* 

PROOF: The result is ircaedtUte for d * 1 by letting f be the 
transition function of cell type M, 

Assuk by induction that it holds fDr all d< n and let d - n. 

Then for each c’e M^(c) we have TJ^Co 1 ) C N^o) by the triangle 
inequality* Hence by induction the state of cell C 1 at time t + d - t 
is a filiation of the states at time t cf all ceils In JL(c), for all 
o’e H^£o)* 3at by ’definition the transition function gives the stale 
of ceil c at time t + d as a function of the states at time t + d - l 
of a._i c'* Mj(e)* composing these functions gives the desired function 
f. 0 

The Interdependence Theorem is fundamental and has Several 
important applications* It can he Viewed In two different ways* As 


2d 




stated* it allows one to make predictions about the future state of a 
cell given sufficient current information about the neighbors of that 
cell* It vill be used in this guise to pro re the Speed-Up Theorra 
(Theorem 2, *2 below)# Viewed in another wav, the Interdependinct 
Theorem states that two cells which are at a distance of d + 1 frem 
each other cannot influer.ee each other's behavior for the next d unite 
of time * In this font it is siaply the statement that signals 
propagate at unit distance per unit time* but avoids mentioning 
signals as such. In this latter form it may he need to establish 
minimal tine results, such is the fellowing* 


Corollary 

p It not reoognltable within tide less than 
a “T n - t if either m * 1 or n = 1 
m + a - 2 if a,n > z* 


l WIb 


(**n) 


FROGF: Let M be a cell type which recognizes q, . 

First consider the ease where a = 1* bet if 1 be an initial 
description f say 


iP 


ki 

— 

\r 

2 



Sew create the initial description by adding a black square to the 
eastern end of iP* Thu* 


E* 




3 i.i 

j i 

ivl 

b 


Now the cells in the (n—1)-neighborhood of oell (t#1) have the same 
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states ir, both iP and 3 ence by the Interdependence Theorenu cell 
(1,1} rill be In the same state in both if 1- ^ and E 15 ' 1 * Pub since H 
recognises and since lP and E® have opposite parity * this state 

cannot be a final state. Thus K takes at least n + t* » 1 = n units of 
time to racojEjiize when K - 1* 

The ease where n => 1 is similar* 

Finally assume that m,n^S. Consider a typical Initial description, 



Note that the southeast comer cell (i,n) is at a distance m + n - Z 
from cell (l,l) and hence by the Interdependence Theorea Cell ( 1 , 1 } is 
independent of the state cf cell (a,n) for the first n + a - 3 units Df 
fine* ner.Oe since depends on the state of Cell (m,n), we h&Ve 

that Y requires at least a + n - Z units to re cognize ^5 . . ' 

{lobe that the mly property of which we used In the above 

proof was that it depended on the initial state of cell £«,n)» Thus 
we have actually proved the following, 

Corollary 2^1 t Z 

Ko reasonable predicate, can be recognised in 
time less Lh&n T^,.,, where by reasonable we mean 
that for any m,n there exist two figures P and P fc 
which differ only ip their (nun) entry *nd such that 
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Fe f and P'tf ^ 


The reader with an 1 719 for derail Hill bOOS ’-hat tile cell type 
Hp^p constructed earlier actually achieves theoretical nlnlmLm] 
timing only for the cases m « 1 ar ■ = t an.il it is one ur.lt slower 
than the ainimux for the eases where This minor defect can bH 

remedied by modifying’ M PAR* The analieat number of state* the author 
has found for such a modified machine is si?Van. stalls are loft to 
the reader, 

Speed-Up 

Wb now turn to tha Sp**£MTp Theoram H lhs central idea bshind this 
theorai’i is that by packing information into fewer cells In an array, 
thf] inferaation can ba processed at a higher rate Since the amount 
of time It takes for a signal to travel from the location of one 
piece of informatics] to the location of soother has been reduced. 'IMe 
idea ixas occurred to many people and uses of it nay be found in th* 
papers of ColeFischer^, and BennieIn their formulations no 
information is initially present in the Cdeifaiter and hence tha packing 
can bs done as the information is input to the computer. In this way 
they achieve any desired degree of speed-up without having to pay a 
price in processing tine, although they do Increase the number of states 
per cell, Lu our formulation, the information to he processed Is 
initially present in the array and toms time must be spent in packing 
it into a smaller area Within the array. Thus wa must pay a price in 
both tir.a and states to achieve a spesd-Up, 
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C ne - lUmens!onal Case : As a warming up exercise for the two* 
dimenE idrL£l Speed-dp The ™ t we first ecn:ider a Ohe-dimensional 
e&anple* Assume that we have set up some iigurs in a 1x9 array of 
coils of type and let is observe its operation for a feu tint units* 


fP - 

D* - 
D 2 = 


y 

L*L 


3.5. 

si 

k 


s* 

>1 



K 


5 ? 



si 


is; 











l^f 

5T 

h' 

S l 

£ 

s: 

5? 




rr te mymfool 3j of course ns presents the state of cell at 

tise t* We are £otng to describe a cell type where each cell ®yat 

ha - ™ iJie nbllity to simulate two cell"; of type £Xir notation should 

bs tr^n sparest, Namely 



or more sinply 



represents one cell of type tt^ which is currently in a state represent¬ 
ing tuo cells of type M* one of which is in state s| and the other of 
which is in state S^« Extensions of this notation will be introduced 
without further ccmiaent* Since we will be talking about both H cells 
and cells at the same tiao* we will find it convenient to refer tD 
the former as cells and the latter as modules . For example, we say 
that each module in an array simulates two cells* Now let us 
obser.'e the operation of a 1*9 array' of type when started with the 
same figure* Tha first five steps of this operation are shown in the 
diagram on the next page* 
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this paint* the array baa packed the original figure by a 
factor of twa and ig ready to begin processing the ft pi™ at a rate 
exactly two times that of the M array* Note that the packing process 
takas a - time units in general* ■where n la the length of the array, 
k is tha parking factor, and, [j is the greatest integer function* 

(Vte consider the packing to be cosplete whan the edge state e can no 
linger move to the left*) 

Cnc problem new arises, !le would like all of the nodules in the 

packed port!(Ml cf the array to begin their simulation simultaneously*. 

Tsis is accomplished by using a firing aquad procedure such as that 

[ T) 

described in Balter^', The last module to be packed (module (1,5) in 
our uanpla) acts aa the general cf a firing squad with the soldiers 
being the modules to the left Of the general. The modules in the 
firing squad retain their packed Information on one level while 
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Q*r*yi|lig out the firing ¥-|Uhd process- on another level. Whan the 


firing squad goes off* til3 simulation begins. Mote that the firing 

”n" 


squad process * if carried out as described above, will taka ^'y^j units 
to begin sijnulation* Thutf the simulation gets under way at tine 


- - ♦ 11} 


The reader who is fond of firing squad problems may show 


hew this tim* can be reduced to t = n by beginning seme firing scuad 


activity at time t * 0 instead of waiting for the packing to be 
emulated, Note that t - n is the earliest the simulation can begin, 
sir.00 by ths Intardapendanee Theorem module ( 1 .i) cannot begin simulation 
30 for* it is aware of the existence of the right-hand end of the array 
and this cannot happen before t = n. We will omit tee details of the 
firing squad mechanism, since an alternate method for synchronisation 
will bn giVan later. 

Let us assume then that at time t = y our array begins simulation. 
The process will lock a? follows. 
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Dottad arrows have booh, drawn to show how module (.1*2), which is 
respon-Uible for simulating Oell has access to all of the 

InfomAtiffll necessary for predicting the state of cell (T*3) two 
units into the future via the Interdependence Theorem, In general 
with a packing factor of k t one obtains a simulation which is faster 
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by a factor of k* 

simulation continues until module (1,1? senses that call (1 # |) 
is about to enter a final state* Instead of simulating tilts entry. 
Biedale (1,1) actually enters that final state itself. Thus the K 


2 


array accepts or rejects the initial figure according as the K array 
wild have accepted or rejected it* 

Sfi.ce simulation begins at stap a, recognition takas place at time 



where ■'* is the number of states of call type K and where we assume one 
possesses an sight state solution to the firing squad probi-om. 

Progressiva grnchrpciJ. nation : 3afore turning tc the two-dimensional 
case, wo present a neccnd. solution to the a^nchroniiation problem 
which does not use the firing squad, This second solution is slightly 
faster than the firing squad method, hut uses approximately 2 
states per cell. We present it here because it is of interact in Its 
trap right. Let ue call it tho method nf prcaresslve synchronization . 

In progressive synchronisation the simulation begins to taxe 
place while tha packing operation is still under vay. Each module 
tarries out a simulation step as soon as the necessary information 
baconES available to it. Modules which begin to simulate before 
packing is complots carry out their simulation at a reduced rate 
t®a»u. 5 e of limited Information avhilhbility. Hv* iaat module to 
be packed immndiateiy begins simulation at full speed and eventually 
c-atchoo up with tho modules which began simulation earlier, larger 
and larger blocks of modules become synchreniaed until at last tho 
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Is simchrcmiEsd and simulating at full speed* 
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The diagram an the preceding page till; strates progressive 
synchronization as it would be used in our example. From t = 9 
an simulation proceeds as In the firing squad ease. 

Each module in the above liegram HUSt actually have one more 
bit Of informatlbn SO that It can indicate to its neighbors when it 
has made a simulated state transition* We have omitted this bit from 


the diagrams above* 

•3a serve how module (1*2) carries 'but a simulation step each time 
the necessary information becomes available in the neighboring modules* 
Also observe how the last module to be packed. module (1*53* la able 
to begin simulation at full speed as soon as it is packed* Since this 
module is packed at tine t ■ n - the recognition will take place 

at time t = n - jj->l + pi2*S^lJlj + 1 or before* Vue use where 
recognition takes place sooner is due to the fact that module (l,l) is 
several simulation steps ahead for a while. 

To recapitulatej we Can create, using firing squad techniques* a 


IU *4 


1 


and 


ceil type which perforas recognition in time t ^ n + 

Lr 

which has On the order of 3 states. By using th* method of 
progressive synchroniaatiao* we tar. create a cell type which performs 

recognition in time t * n + t * j jl + ^ 1»fljt - 1 has on the order 

2k L J L J 

of s states* 

Hie method of progressive synchronization introduced above belongs 
to a class of iterative programming tflChjiiqufls which wa shall call 
matheda of nnn-unifo-nn Simulaticn. Those methods all have tne 


following characteristics in cotai-tica: 










1) they involve simulation of one array by another* 

2) A mcdile lr. the simulator mu,/ keep multiple copies of 
the cells that it Is s in-lating, 4nd 

3 ) simulated time say be distorted, that Is, at any 
given n®ant modules which are spatially separated in 
the simulating array nay be working at different 
points in sin.iL.atcd "An*. 

We will use a nsth-Dd of nag-uniform simulation in the proof of 
rneor™ 2,5* 

Spqad - Ug : Ws now turn to the two-dimensional Spaed,-lip Theorem* 

The statement of the theona could be sharpened in several waya, 
Preferring the more simple ahd workable statement for our main result* 
we will leave the sharpening to a corollary. 

Thearea 2*2 (Speed-Up) 

Let ft be a predicate And let M be a sell type 

which recognites ft in tine T(m*n) + Then given 

any positive integer k f there exists a cell type 

K. which reoogjiiEes ft in time i.T(m,n) + Jfl + h +2* 

K K 

PfEOO?: The two-dimensional case is quite similar to the one-dimehsional 
ease* We perform, packing by a factor sf k followed by or overlapped 
with simulation at a rate k times faster than the original array. 

Again we have our choice of Using a two-dimensional firing &}uad or of 
using a aethod of progressive synchronitaticn* 

Packing ! Packing is accomplished by performing simultaneous 
packing within each row and when all the cells in a given column are 


}S 





fully packed,, 'he column 1* then packed, T^ia fallowing diagram 
illustrate* packing by a factor of twOj where each simulated cell 
is rtip-resantad by a single- dot* 



Flacking is completed in m - 


+ n 



that progressive synchronla.ition is used.,. 


units of time, Assuming 
simulation gets under way 


immediately, 

Simulation ; Jr considering two-dimensional simulation i we find a 
problem which wasn't present in. the on e - diJ3 on si on a 1 case. It is due 
to the fact that we do not allow diagonal neighbor connections in our 


model. 


Consider a portion of an array attempting to simulate an 


M-array at a rate -three times faster than normal* 




















































































Ihe central module in the above diagram has responsibility far 
simulating the ceils labaled 1* In order to advance the states of 
these cells by three units, the central module must have access to the 
cells labeled 2 and 3-p Because diagonal connections are prohibited d 
access is available only to those cells labeled 2* 

There are several ways around this problem* One ii to allow 
ding anal connections between cells. In that case, assuming diagonal 
c coma □ ti on a were also allowed in the K-array* the central module In 
the diagram above would require access to all simulated cells sSDwn, 

7nus it would actually have access to exactly thE information needed 
to advance the states of the cells for which it is responsible* 

Within the restriction of nearest neighbor Interaction, we could 
simply pack by a fact&r of SlK and then use two Stops of real time to 
allow each module to got information a round the ccner from its diagonal 
neighbor and advance the states cf the cells for which It Is 
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responsible by sis stops, Thua an average speed-up of three would, 

result, Too ecai; in terniS of states, however, would be high, In 

order for each noddle to pass inronnation around the coiner during the 

intermediate step, it would have to have provisions in, its memory for 

rttaLUnberlng additional simulated cell*. The Smallest number Of 

i p 

additional sianilatad sells required seems to be s-k -h - 1, 'nrus in 
the case above where k - 6 P we would require each module in the 
simulator to have memory capacity for holding eighty-three Simulat 'd 
Cull5 T jltst to provide an average speed-up factor Of three. When 
compared with the nine simulated ceils required per module in the 
diagonal connection case, the cost of this Method stems eacosSiVe. 

a idre reasonable method is now described which requires twenty* 
five simulated calls per module to produce a speed-up of tnree. It is 
apparent that a module, if it Is to advance the Cells for which it is 
re a sensible,, needs access to information about the states of the eells 
for which its diagonal neighbor is responsible. Instead of having this 
information competed by the diagonal neighbor and then passed around 
the comer via a nearest neighbor, vs let the nearest neighbor 
compute the informs ti ”n directly, thus making it available one 1^13,0 
unit sooner, 

Consider the diagram on the following page which represents one 
module in the simulator array. 





The module contains twenty-five simulated cells* 111 * central 
nina t which are drawn with solid lines, are the same as those far 
which it would be responsible under the earlier scheme. We say that 
these are the dells for which It is primarily responsible. ftie things 
of these primary cell 5 as being the Outs which are ■* really" teing 
simulated and that the aijcteen sec on da ry -colls are Simulated merely as 
a convenience f" or "the benefit- of the module's nearest neighbors* 

The following dlagrvim shows a portion of an array Which is to be 

slnlitedi 



■^ir&e concentric heavy outlines have teen dram* The innermost out¬ 
line contains a sat e>f ni/ni ceils for which a BiddU-C is primarily 


U-Z 





































responsible* The middle outline contains the twenty-five cells for 
which this module Is beta, primarily and secondarily responsible, The- 
outer outline shows the set of cells to which the module has access 
Via its nearest neighbors at any given step, Note that the cells 
contained In the outer outline are estactly those cells to which access 
is required for a speed-up of three* 

Ttve following diagma presents the situation Iron, the point of 
viev of the simulating array* 
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Eie preceding diagram shows a 3*3 set °- modules and within u&Ch the 
simulated, cells far which it is respansibis* Each simulated call has 
teen labeled with Its row and COltCOl number* Sca.e cells such a? {fi,5) 
are simulated by as ?iany Ss five different ttodules* All are simulated 
by at least three modules, 

Of the many methods of simulation considered by the author* the 
above method requires the fewest states f&r the ease of nearest 

n 

neighbor interaction* It requires 2'{k +1) States (fork even) 


»nd ^[k^ + k) + 1 states (for k odd). 

Conclusion: Wfl have all the pieces necessary to con atrust a cell 
type given H end k* To recapitulate* W first performs packing by 
a factor of k and then begins high speed simulation. Simulate on is 
begun either by the method of progressive Synchronization or by the USS 
of the two-dimensional firing squad which is discussed in Section t*3* 
The method *f progressive SynChrChii atlOh requires cm the order of 

ja J) 

a-(k + k) a tales per cell and recognition is ec®;pletcd Oh or before 


time t w m + O - | ^ 


- 1 


+ Z < I-T[m,n) + a + n + £• 
2:1,2: 


The firing squad method requirea on the Order of S-tk* + k} 


states per Cell and recognition is completed Oh or before tiflta 


t - £(m * n) « 


.A 


- [g + ( E , n | + The details of 


the latter formula follow fr«t a knowledge of the two-dimensional 
firing squad which is discussed in Section k*3* 

This cumpietas cur proof of the Speed-dp Theorem, 


□ 


Wa now state as a corollary to the above proof the d&mpiute 


Statement of tha Spaed-Jp Theorem 












Corollary 2 , 2 t 1 

'^sere exists a known effective procedure which, whan 
given a positive integer fc and a call type 
produces a cell type such that 

i) ft and have tin a sane initial and 
final states 

li) any rnsiij figure P which Is recognized by 
K In tins t is recognized by in time 


■ + B -[!]-[!] + M +Z - 


In tha proof of ths spe&d-Up Thecrep.^ ms mentioned the idea of 
fmving packing going op ±n one layer of the array and a firing squad 
*oijng on in an other layer of toe array* Tots conceptual trick of 
rasolving the processing cf an array Into severs 1 S#ffli-Lndependent 
but simultaneous processes and of picturing then as taking place in 
different layers of the array is simple but powerful* As an application* 
wo present 


Thsorea 2*2 (MinimiElng) 

Lot ^ be a predicate and let N, and be cell 
types which recognise ^ in times T^n.nJ and 
T 2 (m,flJ respectively* Then there exists a cell 
type H which recognises 'f in time 
Ttnt.nJ - min [^(i.n), T £ (a,n)} * 

PiHCGFE Let M consist of two layers* On* layer behave□ like the 
other hike Call (t*t) goes to ita final state as soon as elther 








layer completes its recognition, Since both layers recognise the sar.e 
predicate, there can be no conflict* 0 

£*5 Computing Power 

We new turn to the study of the class of predicates which can be 
recognized by arrays, 

Jjafinltlcp 

i predicate ^ is said to be a Cellular predicate 
if there ejxista a cell type J( which recognises , 

A predicate ¥ is said to be a finite predicate if 
it contains only a finite number of figures. 

Theorem. 2,4 (Boolean/Finite) 

The class of cellular predicates forms a Scclean 
algebra and contains all finite predicates* 

Furthermore* given two cellular predicates ^ 
and ^ which are recognisable in time f^fa.n} 
and Tg[s6,n) respectively, then both U ^ and 

are recognlEahle in tiae hak . 

PROOF* Proof of the closure of the class of cellular predicates under 
the Boolean operations ef union. Intersection, and complementation is 
directly analogous to the proof of this property for regular events* 
Layers are need as the method of combining two distinct cell types. 

To prove the second statement, let ft be any finite predicate 
and let k be the scaliest integer such that all figures in ^ are 
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Itwk or snaliflr. Construct a call type which pucks by a factor of k + 1. 
As soon as ceil < 1 „ 1) is packed it will have ail of the information, 
necessary to accept cr reject the figure since any figure larger than 
k*k must 'be rejected and since there are only a finite number of 
figures k*k or smaller * The entire proses;! will be completed by at 
least time t = 2k - 1, 

In recursion theory one finds that there are sets which are 
recursively enumerable but not recursive* That is there are sets 
which can be accepted (or rejected) by luring machine b p but which 
cannot be recognized by Turing machines* The following theorem shows 
there is no analogous situation for arrays* 

fheoren a* j 

Let d 1- be a pradiests and let M be a cell type which 
accepts (or rejects) ^. Then f Is a cellular 
predicate and a cell type M 1 which recegpipes $ 
can be effectively con a true ted, fraq M. 

PfiQQF: let us assume that H accepts typ the case where » rejects 
being similar. We will give two different ways in which the coll 
type K 1 may be constructed* 

(Method 1)* Let an M 1 array consist of two layers* The bottom 
layer acta as M and nay eventually accept or reject f* in which 
case M" doe a ulac. Ttoe top layer acts as a counter with a capacity 
of £s - t)™,, where a ia the number of states of Cell type tf* (We 
use s - t rather than a since the edge state s does not matter for 



the present purposes,) When the counter reaches the value (5 - I)™ 1 ,, 
a aignil is sent to the ceil ( 1 , 1 ) which rejects the figure if it has 
not -already been recognised. The basis for thia method is that- ch B 
entire aun array of type M, which is being simulated in the bottom layer, 
has only [& - I )® 11 states and hence must be in a loop if it has not 
recognised the figure by time t = (a - O™, It ia assumed that the 
reader has no difficulty in seeing how to orgainize the top layer of 
M 1 into a counter of capacity (s - I)” 11 * 

{Hathcd 2a)* In this method we will detect poaaihle looping of 
the W array by having two layers in the u 1 array each of which behaves 
as an K array. ■Cue layer rune at half the speed of the other, foe 
Iwc layers will be in identical states at time t ■ 0, but the slower 
layer will immediately fall behind. When the two layers again achieve 
identical states■ we know that they must be in loops t since the faster 
layer must be entering this state for at least the second time. When 
suck a looping condition is detected, the figure nay be rejected if it 
has not already been recognized* 

Jh« problem hare is how to detect when the two layers are in the 
sane state. One straight forward but tixa consuming method, would be to 
have a third layer which observes and controlS the first two* The 
third layer would cause the other two to advance by one and two step? 
re selectively and would then inhibit their action. Each cell of the 
third layer would then compare the states of the corresponding cells 
in the other twe layers and would genera ib a signal indicating 
whether nr not they were in the same state. These -Signals would be 
accumulated at One point, eay cell [1*D* in much the same manner as the 


ns 


Cell (1 T 1) would then 


parity Information was accumulated hy Hp A!1 . 
decide whether the figure should be rejected or whether another step 
in 'he simulation should be carried out*, If the litter ia the ease* 
a firing squad could be started tu Initiate another step la the 
simulation* This method clearly turns up u lot of time* since the 
accunnlatlon portion takes about a + n steps and ths firing squad takes 
another a + n + man {m.n} steps. A much faster method is now 
described. It will be mare expensive In tenns of stateg required* 

(Method 2b). We will use a method of nan-uniform simulation* The 
basic Idea is that waves of simulation spread cut from the southeast 
car.cr* Ahead of each wave the two layers are at simulated times 
t^ TJid tg. After a wave passes * they are at simulated times + 1 
■md %2 + i* Between the waves of simulation coma c^pariaon, waves 
which accumulate tb& necessary comparison inforaatlon*. As each 
comparison wave washss over cell (1*1)* a'i 1 the information necessary 
to decide whether or not A loop as been entered, is present and cell 
(1*1) can make Its decisis* 7ne speed of the method aomas from the 
fart that one wave may follow iraaediately behind another. 

Cue way of studying the class of cellular predicates is to 
pesepar* it to the classes of predicates recognitable by ocher types 
of recognition devices such as the perceptionWe have already seen 
one cellular predicate* namely * which is not in the class of 

predicates ire cognisable by order or diameter limited perce ptrons, 
ilthcr predicates which have been considered by Minsky and Papert^^ 
in connection. with the pereeptron will be discussed In Chapter 


Kennie ^ haa classified arrays by the number bf directions in 
wf'ictl signals nay flow within tbo array an,C than compared the relative 
computing power of various clisacs* 

Other types of nepo^ltitm devices may be obtained by modifying 
ncrmal one-diaensional tape-accepting devices to operate on two- 
dimensional tapes* Consider for a momant a Universal computer which is 
■able to walk about on a t*ra-dunansional tape t sense the edges without 
rtesping off the tape* and which can read the symbols writ ten on tha 
trpe* (Jt two counter machine provides a more tidy mental image of this 
preress than a furing machine! since the latter must drag its tape 
behind and is always in danger of tripping over it,) We will use 
the phrase twa - dimansiona l universal computer to describe g-uch a device, 
'iiven, a figure represented On a tape, the machine can wander about On 
the figure and eventually accent or rajnot the figure* The phrases 
two- dimensional f L-ilte state au.tog;niton , two - iilmenslenal pash - dowr. 
auttmatm . and two - dimensional -ineer bounced autcmaten describe 
similar adaptations of one-dimensional devices, 

Blum and Hewittintroduced a special class of two-dimensional 
devices called pebble automata . These devices are just two-dimensional 
finite state automata, which are provided with a fixed finite number 
■of markers (called pebbles) which they carry about With them and leave 
cm squares as temporary markers* Upcn returning tc a square on which 
a marker had been previously plflced h the autematon cam sense its 
presence, pick it up, and carry it off for further us* if so desired. 
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Definition 


Given two ciasats and devices for recognising 

predicates, ws say that is Strictly more jMW*rful 
than provided that the class of predicates 
recognised by devices in 0^ is a proper subclass of 
the class of predicates recognized by devices in 
If these classes are the sane, we say that is 
e-^njlyaJ,en^t in. rower to Note that Lhe relation 

thus defined induces 4 partial ordering on the 
family of classes of computing devices. 

Theorem 2.6 {Non-Universality) 

Two-dimensional universal computers are strictly 
Rors powerful than iterative arrays. 

FfiCC'F: Certainly a universal computer can recognise anything Which 
can oe recognized by an iterative array. The existence of a predicate 
which i& recognizable by a universal computer. but which is not a 
cellular predicate can be obtained by a dlagonaliiatlon argument as 
follow®. Set up some fixed effective method for coding descriptions of 
cell typss into figures. Then consider the predicate ^}j AG IS lv en as 
follcwiI 

( ? is a coded description of a cell 
type such that an array of type M 
would reject F. 

Now is certainly an effectively computable predicate. Assume it 

is a cellular predicate and 1st K 1 be a coll type which recognises it* 
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Dl AG 


K 1 


Let P 1 : 04 the coded description of W', Then P l S 
rejects P 1 by definition of (Pg tAG ♦ Bui K r rejects P r V —^ ^ch.i.q 


a..n» X’ is assumed to recognise ^qiag* ^‘ li3 contradiction shows 


tj\a.t is not cellular. 


□ 


3ftfore Stating the iftxt two theorem 5 , let 113 do3 0 rite the model 
-f two-dimensional linear bounded automata which we will yse* We 
could aasuasB that such a device has .1 one-dimensional auxiliary 
working tape which Is bounded in length by a linear function of the 
vmber squares in the input figure. We will* however, take the more 
lateral approach that the device has no .auxiliary tape, bat rather 
j: jcs the Input figure itself as a tape and is able to both read and 
write Oh the figure with a finite set of symbols of which the initial 
figure>s symbols may be .inly a subset* This model seems much more 
natural ih the current context* We also assume that the automaton is 
always started In its initial state on square (1,1)* 


Theorem 2.7 

Two-dimensional linear bounded automata are strictly 
mare powerful than pebble automata. 

PiKXJF: Ifsing the model of a linear bounded automaton[IHA) dsseribed 
above, it is easy to see bow, given any pebble autceaton (PA), we 
can construct an LEA to sisulate it [in fact to siaulate it in real 
time)* 

To shew that LEA 1 3 are strictly nor* powerful than PA r a, we carry 
out the same diagonalisation argument found in the proof of rhsoraa £*6 ( 




replacing universal Mnputer by LHA and Iterative am/ by PA. flier* 
are sccse things to check * Pi rat cne must 'shock that a coding of PA's 
fjr, h* produced such that a single 13A can look at a coded descrLptiOQ 
of any PA and then simulate that PA operating on Its own description. 
Second sine* a PA may begin looping rather than accepting or rejecting 
a figure, ws must ensure that the L3A can detect such loops. This can 
be done by an adaptation of the second method of detecting loops in the 
proof of Theorem £.5* Namely two copies of the PA .ire simulated. Ode 
copy at ore rata and the other, at half the rate* In between simulated 
.te;js the LHA checks to see if the two simulated PA 1 5 are In the same 
location and saae state and if they have thnir pebbles all arranged in 
the same manner. This ^ust eventually happen if tne PA's enter a Iccp 
and hence the LEA can determine if tne FA described hay rejected its 
own dsecription by looping* 0 


Theorem 2.£j 

Iterative arrays are equivalent in power to two- 
dimensional lirear bounded automata. Indasd, given 
any predicate ^ which is recognizable in time 
T(a,n) by a linear bounded automaton and given any 


positive integer k, ^ is recognisable by an array 
in time + (1 + iRs + n) + £. 

Conversely* given any predicate $ which is 
recognisable in time T{K;,n) by an array and given 
any positive integer k, ^ is recognizable in time 

'♦■oCjj T{n,n)j 4 !) t 
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r J PlOFs It ±5 clear that In array can simulite A linear funded 
automaton (l£fc) in real tiffin* However, the .BA cap make its decision 
a-, sat the figure From any position Oh the figure whereas the array 
imat deliver its answer to cell (1,1)* Thus if the L3A takes 
time T(n+n) to recognise tbs figure, then an array might takB as long 
as *[B.ri) + a + n - 2* Given any positive integer k, we have by the 
Speed-Up Theorem that 'fc cap ds recognised by an array in time 
^(T(«,n) + m+ n-2)4 m , + I1 +£ £ i-Tt**n) + (1 + lKm +■ n) +■ Z, 

It i-s also not difficult to see how an LEA, might simulate an 
array* It could use a working alphabet which would allow it to 
represent two different cull states within one gp.uare of the figure* 
One of these states would represent the state of the cell at the 
"current time 1 ! and the other the State of the cell at the "nest tifte* N 
By malting a pass over the array it would be able to update the state a 
of each cell. The first method of passing over the array which one 
considers usually involves tracing out a path as indicated in the 
following diagram, which shows the L3A making a scan of one row* 



This is the path traced out toy an LM which examines each of 
the neighbors of a sell in turn so that it can update the state of the 
cell* 'The black dots in the diagram, above represent the points at 



















which the LBA has accumulated enough information to update a cell, 

Uote that the LEA makes seveh movestients per call. 

If Instead of attempting to update ths stats of aach cell on 
each pass over til* array, we allow several preparatory passes, we can 
reduce the average number of movements per -cell to four. In this case 
the ISA keeps four sinul.vted ceils within each square of the tape* Cne 
represents the cell located at that position and the other three 
represent Its western,, northern, and eastern neighbors. 



The LEA begins in the northwest corner and describes the following 


path * 



-* 

=F 

> 

t: 



■> 

f 

"T 



i. 





~ 4 " 


) 


Hiring this pass each square can be narked to represent the states of 
its western and eastern neighbor?. 

The LBA next describes the following path. 



Hiring this pass each square is marked with the state of Its northern 
neighbor upon the first visit frem the LBA and upon the second visit 



































the LSA* which is cowing tip free, the south, has all the information 
necesaaiy to advance the state of the cell by on© time Unit*. 

An observer stationed at a given cell in the Interior of the 
array vouid note the fcl Lowing build up of inf oration where a dot 
represents information atiout the current state of a cell. 


Before first visit by the LEA* 



After first Visit* 


After see end visit* 


After third visit. 


After fourth visit. 

(The state of the cell has now been 
advanced by one simulated, time unit*) 
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The entire process involvee an average of four bi convents per c#Jl 
per unit simulated time, But given any positive Integer k, we can 
simulate not just one time unit per pass* but k time units per pas^ 
simply by increasing the information deposited in a«ch square by the 
LHA on its first three visits %a the square + Of course the LEl nust 
carry along mere local Information in this case* For example, if k = 
then the information capacity of each square would be sixteen cells 
and cur observer would note the following sequence of events* 



Hofore first Visit by the LBA* 



After first visit. 



After second visit. 



After third visit. 


5? 






















































Alter fcrjrth visit. 


[The scats is now advanced by 
three simulated time u,olt 3 *J 

Thfl timing insult stated in the theorem now follows immediately. D 


Corollary 3.6.1 

iterative arrays are strictly acre powerful than 
pebble automai-a. 


PROOF: Immediate from Theorems 3*7 and 2*8. 


D 


Let us return for a moment to the idea of a two-dimensional 
universal computer. 


Ehfinltion 

A predicate P is Said to be affectively recognizable 
if thare exists 4 two-dimensional universal Computer 
which recognises T r We say we are fttven an 
effectively recognizable predicate $ provided ws are 
.given a fin It* description of a universal computer 
which re cognizes 

We now state some imdeeidabiltiy results, Mote that Theorem 2.6 
proved the existence Of a non-cellular effectively recognizable 
predicate « 
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Theertrm. Z-2 

Given an effectively recognizable predicate ¥, it 
is in general undecidabla whether or not Y is a 
cellular predicate* 

PROOF; ^y ThsOren 2*6 there exiit effectively recOgnitable predict t#S 
which are not cellular* tat ^ be such a predicate. How given any 
Turing machine T, let Ifj be given by 

! P£ and P is an m^n pattern and T 
doesn't halt in M-n stopr when started 
on a blank tape* 

Kuw is certainly effectively recognisable* Furthermore ia 

finite \-Z T eventually halt* oh a blank tape* by definition of 

Yj . Bat. T doean^t halt on a blank tape f again by 

definition of Vp, Since finite predicates are cellular by Theorem Z*b 
and since W is not cellular, w* have that Vp is cellular T“ 

halts on a bl«nk tape* The theorem fellows by the undecidability of 
the halting problem for Turing machines. 0 

Theorem g.10 

Given a cellular predicate ^ and a cell 
it is In general undecidable whether or not M 
recognizes 

PROOF* Let T be a Turing machine and be a coll type which 
re c crises Vt Construct a cell type M-p which first simulate a T 
starting Oil a blink tape fer m Steps or until T makes an excursion Of 
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more than n ur.its frcttL i.ts starting point. -LA similar construction 
baaarf on the Post correspondence problem rather than on Turing manhl^es 
maj be found in Chapter 3 of If T has not halted 'hj tin 

time tbs simulation ends* then simulates H 1 and accepts Or rsjacts 
^ according as M' does. If T has halted* then simulates H* and 
makes the opposite classification from the one M r would have made. 

Thus K t , recognises ¥ T never halts. Hie theorem follows. 

Definition 

Cfco call types arc said to be equivalent if the/ 
recognise the same predicate* 

The following cord la rles due to JTunnia^ are irimodlatB from the 
above theorems. Senate shews the corollaries hold even if one assumes 
that signals nan only travel from east to west and from south to north 
within the array* 

Corollary HJ-1 (Heimia) 

Equivalence of cell types is undecldable. 

Corollary 2*tS»£ (Kennis) 

Given, a cell type M t it ±s undecidahie whether or 
not it accepts any figures* 

2.6 Linear Predicates 

Vo now define in important class Qf prwdi-cataa* 
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Definition 


A predicate V' is said to be- linear if there exist 
noc-negative integers p* q, and r auch that Y l* 
recognisable within timin t» + qn + r* 

In view of Corollary 2,t,2, V * might be justified in saying that 
the following theorem Shows that linear predicates can be recognized 
"almost 11 is fast as any predicate. 

The pram Z, 11 

if P Is a linear predicate, then for any real 
Y is rsoognicable within time (1 +£ )(b + n) + 2. 

FROG Ft Let p, q» and r be such. that Y is recognicable within time 
pat. +qn + r. Let s = max -[p + r, q * r } ♦ Then since m K n wa have 
pet + qn + r ^ (p + r)m * (t{ + r)n ^ s(a + n), 3ence Y is 
recognizable within tine 9 .{jH + n), Let k be I pagitlve integer such 
that | <£, Than by the Speed-Up Tnecren ^ ie recognizable within 
time —(n + n) ■+ a + n. + Z £ (1 + £ )<m + n) + 2* D 

k 

Corresponding to Theorem we have the following* 

Theorem 2, j_2 

The class of linear predicates is a Boolean algebra 
which contains all finite predicates, 

FRCGF: The containment of all finite predicates was shown in the proof 
pf Theorem * since we are interested in the values of the 
recognition‘-time functions only over the positive quadrant in E.».n' - 


61 






gpaoe* we can bound the maximum of two linear functions by a linear 
function* Hi# result UiHn follows from Corollary 2*4*1* Q 

Corresponding to Theorem 2*5 wa ha™ the following. 

Theorem 2,13 

Let f be a predicate and M a cell type which 
accepts (or redacts} f in linear tine, Then 
there exists a cell typo It 1 which recognizes 
¥ in linear tire* 

PROOF- Assume M accept# the ease of K rejecting ^ is similar. 

Since H accepts V in linear time, wo hay# by similarity to Theorem 2,11 
that f must ba acceptable in time <1 + I )(m + + 2 for any £ > 0, 

Let H H bo a cell type which accepts ^ in time 2(m + n) + 2, Modify 
b ,[ by adding a second layer which counts up to 2ja + n) + 3 and then 
rejects tho figure if it hasn’t already been accepted by W", The call 
typo so const roc tad is H' t ' 

Note that the correspondence of Theorst 2,13 to Theorem 2-5 is 
not quite simple te, JJawely we do not claim that M' is effectively 
constructshie giyaa W* It Is Certainly affectively construetable 
given K and an integer k such that M always accepts by tine 
i = fc(jD + n), However, the problem of whether or not It is possible to 
effectively cenputa much a Ji* given just M and the knowledge that K 
accepts in linear timo ie open, A partial result is given by the 
following tbaorem due to Mika Paterson [unpublished}* 
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ThBoram £, 14 (Paterson) 

Given a predicate a eoll type K which recognises 
l r'' ,. and glfan that there is an Integer k such that K 
recognises Y In time k(is + n), then the problem of 
finding a ntniiTjan such integer k is in general 
unsolvible. 

PROOF I Let Y be the empty predicate, Given an/ Turing machine T* 
construct a cell type M„ which behaves as follows. It simulates T 
for n steps on a blank tape. If T has not halted* it rejects the 
input figure at time 2(m + n)» If T has halted, it rejects the input 
figure at time 3(m + *»)* Thus recognises Y in tine 2[a + n) 

T never halts, aud In time 3(Jn + n ) ^ j > T eventually 
haite. The result foil awe, D 

Similarly we have the following. 

Theorem 2,15 

Given a predicate Y and a cell type K which 
recognises )t t it is in general un decidable 
whether or not K recognises Y in linear tine, 

PROOF! As in the proof of Theorem 2. 14, let Y bn tbc empty predicate 
and for any Turing machine let be a call type such that 

recognises ^ in time 2(s 4 n ) ^ ^ T dpe-9n J t halt 

and recognises Y in time 2{m n) ^ — jr T hilts. The result 
fellows. 
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We viJl see In. the next chapter that sctne predicates which would, 
intuitively seem to require lira? an the order or m-n are In fact, 
linear* Indeed, the existence af i cellulir predicate which Is not 
linear Is an open question, There are many candidates for non-* 
linearity, but there are no known methods of proving them. to be non¬ 
linear, The only method of establishing minimal Ur# bounds which is 
available is the Intordfl-pendenee Theorem, which is Only useful in 
establishing bounds less than m + n - {. Cole^-^ in his thesis on 
1 terativa Cfleputers has astablishfld, certain computations which cannot 
bft don* ih. Peal time under restrictldns on lnfcsrha.il comnupleafcion 3 ■ 
However hia model receivea information from the external world a? the 
CW.putation progresses and can be overloaded as he shows. Ir. our model 
the input has already been digested at time t = 0, so no confusion of 
inputs is possible. Modified diagOn&liiatiOn arguments have been 
tried by the author and by several other people i but promising as they 
seem, every such argument has contained a flaw. Finally we might add 
that this open question is related via Theorem 2.£ to an apparently 
open question about deterministic linear bounded automata. Assuming 
i ’ 1, Theorem implies that if all cellular predicates were linear, 
isan all predicates [1,e* languages) recognizable by deleministic 
LRA [using our particular model in which, the input tape also serves as 
the wording tape) could be recognised in time proportional to the 
square of the length of the tap*. Hence the existence of a language 
requiring On toe order Of ia^ Units of time for Its recognition would 
show that non-linear cellular predicates exist- is far as the author 
knows, no such language has been found!. 


CHAF1ER 3 

kecgqhitick or topological invariants 


In this chapter ¥9 will study the recognition of same specific 
predicates over blaok and white figures* All of these predicates 
depend only on topological properties of the figure such as 
connectivity, aim pie connectivity* r,«nber of components, Euler number „ 
and so on* The principal result of this chapter is a fimdamental 
transformation of figurea which allows the construction of algorithms 
for recognising in. linear time a vida Variety of these predicates* 
Many of these predicates have been studied in Minsky and Papert^ ^ 
and in SLum and Hewitt The interested reader nay thus compare 
arrays with parceptrcns and pebble automata with regard to rsepgrilling 
these predicates* 

3*1 basic Terminology 

Assumption] Unless otherwise specified, all figures and 
pradios.tag in this chapter are assumed to be ever Xg. (i*e* black and 
vhl ta). 

Wo begin by establishing sane berainology« 

Definition 


T\*o cells at {t, J) and (psc) are said to be 
adjacent if 1 » p + |j - o and are said 

to be nelE-hborliifc if jl * p £ t and j £ 1, 



*5 











Two blsck Mils arc connected if inhere is a chain 


of pairwise adjacent black cells beginning with 
one and ending with the other. Two white ceils are 
connected if there is a chain of pairwise 
neightoring white cells beginning with one and 
ending with the other. 

Mote the as ■/one trie definition of connectedness for black and for 
white cells, Sana such asymmetric definition, is necessary if one is to 
■ tain such "nide h properties as the Jordan Curve Thacrem, A not,ion 
of connectedness whLch is syrsnatric with respect to black and white 
can ha obtained by assuming that each cell "touches* ail of the 
neighboring ceils except the ones tc the northeast and southwest* 

This notion which is derived from a hexagonal partition Is, however, 
asymmetric with regard to direction. 

tte assume that figures are presented against a white background* 
Hence the following definition, 

Definition 

The equivalence classes of black ceils under the 
relation •'connected" are called, the components of 
F, The equivalence classes of white cells under the 
relation ' ,5 cc^l^^aeted ,1 which do not Contain colls on 
the border (that Is cells In rows 1 or z or in 
columns t or n) are called holes * The remaining 
equivalence classes of white cells are lumped 
together into a class of White colls called the 
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background * k ccdpanant or hole which contains only 
One e&ll is Said to be Isolated* Otherwise 
cun-isolh ta d, 


For example p the following- figure has five cOnhOnants {two of 
which are isolated!) and, tnree holes {one of which is isolated)* 



Another example is an 8*8 checkerboard which according to our 
•definitions has thirty-two components, all of which are Isolated, and 
nc holes. 

Given a figure., one can cons tract an associated tree 
which represents the containment relationships 
between the background, the components* and the 
holes* > ftpure and its associated tree are 
shown below* 







































Two figures which have isomorphic trees are said 


to be topological_v ao illYs_ar.it * where by isomo^jhic 
trees we ibm la on orphic as labeled graphs or ah 


unoriEntad rented trees* 


Definition 


K predicate ^ is said to os topoio^lesuiy 
invariant if whepevar P and P 1 arid topologically 


equivalent figures, we have P £ & v — -? P‘€ f * 


3*2 An PbsHEiple: 

Hih first topologically invariant predicate we study consists of 
the sot of all connected figures, 

Dafi-aitisft 


The predicate ^tONN is given by 



If we were to ask the reader at this point to design a tall typo 



one-camponEJTt-SLrad..Ese-if-inythlng™is™leit algorithm* 'da r,Ow deuerlbo 
such an algorithm* 

At time t = 0 the northwest comer cell o®its a scanning signal 
s which begins to scan the array row by row in a back and forth 
manner until it encounters a black ceil* This stage of the process Is 
illustrated in the diagrams on the following page* 












At the point at which 9 encounters the first black call, two 
things happen. First of all a chain reaction of erasure Is set off 
within ths coupon.ant tD which the black cell belongs. The black cell 
which was struck by s turns white and emits an erase signal e to each 
of its four neighbore* The a signals are ignored by white Cells, but 
an o signal striking a black cell causes it to tom white and eait £ 
sign ala to its four neighbors. In this manner the entire component is 


erased* 


The second thing which happens when s encounters the first black 
cell id that s changes into a waiting signal *, The waiting signal 
oontijiues the same Eigtag scanning motion which s had been using, but 
does not interact with either black or white cells or with e signals 
which are propagating around the array irs various directions* The w 
signal eventually completes the scan of the array and strikes ana of 
the bottom comers of the array. At this point the erasure of the 
component is guaranteed to w eamplete. 

Tne first three steps of the erasure process are shown in tha 
figu^-e an the following pa^e. 
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Wbet-J W strikes the Doniar at tile end of its scan, the figure 
contains one less component thin it did to begin with* All that 
remains to be done is to see if the remaining figure is blank. Ibis 
is accompli sued by having the v signal rebound from the last comer as 
an accept signal a which scans Up the array searching for a black Call, 
If a encounters a black ceil, it is coj^vert&d into a reject 
signal r which heads directly for the northwest Comer to cause a 
reject. If a doesn't erscounter a biaek cell, it eventually strikes 
the northwest comer causing an accept, 

Tbe case Of the blank figure is handled by hairing the s signal 
rebound as 3 when it completes its scan. 

The call type implicitly described above recognlj.es connectivity 
in time approximately £hh and hence is not linear. The reader is 
challenged to find a faster method of recognizing connectivity before 
reading on* A good (or bad, depending oh your point Of View) example 
to keep in zlnd while searching for a linear method is the figure 
illustrated on the following page which has length and area of about 



























30 A Fundamental Transformation 

We new study a transformation of clack and white figures which 
will have important applications to the recognition of topological 
invariants by iterative arrays. By transformation we mean a mapping 
from black and white figures into black and white figures* The 
transformation will be studied in its own right in this section and 
its applications will be discussed in the following section. This 
transformation was discevered by the author while be was attempting to 
prove that connectivity could not be reccgnlied in linear tine. 

Since its ilrgt application was to show that sendeetivity ecuid be 
j-ecegntssed in linear tine, we call it the cennee tly_ 1 ty transformation 
and denote it by T* The image of A figure P under T is denoted by 










































For heuristic pulses we will ctescribs the transformation as 


taking place in three 3t#ps, 


1. Color all southeast comer cells 
of the black sebflgure red- {That is if a 
cell is black and its eastern and southern 
neighbors are white t color it red*) 

Step 2* Color all southeast comer colls 
the white subfigure black, (That is if 
a cell is white and its eastern and southern 
neighbors are black and its southeastern 
neighbor is either red or blacki color it 
black*) 

Step J, Color all red cells white. 


Properties of Ti We now informally describe the properties of T, 
Toe remainder of this section Will be devoted to proving these 
properties in a series of lenmsas. If one consider-?, repeated 
applicationg of T to a figure, Oh* observes that each ccmponert is 
reduced to an isolated component which then disappears, Instinct 
components remain distinct and either Vanish at different points 
or at the same point at different timas. Similarly, Bach hole is 
reduced to an isolated hole which then vanishes with distinct holes 
remaining distinct and vanishing at different points nr different tis&s. 
It is easy to caloulata exactly how many applications of T will bn 
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required to reduce a given coupons!) t or hols to a tingle cell ami 
exactly where that call will be. The entire figure, no clatter how 
complex„ will be reduced to the #11 white background in less than 
m + n applications of T. 

To begin proving the above statements* we need some way of 
relating tbs components of P to those of T(P), This Is done in the 
najrt four lemmas by using the concept of a stationary point. 

Definition 

A cell (ipJ) is called a stationary point of P if 
it is black in bath P and T(f). 

Note that the stationary points are exactly those black cells In 
P which are not southeast corners of the black suhftguns of F* 

Lems 

Every non ^Isolated ccfflpcnent of P contains a 
stationary point* 

PROOF: Iflt C be a non-isolate d component and let x. bs a nortnwest 
corner of C,. Then X Rust bs a stationary point for otherwise it 
would also be a southeast comer and hands C = ’[Xj 1 would, bs Isolated* 

Lemma 2 

Two stationary points are connected in P if and 
only if they are connected in T[.F}* 

pjtcOF'; Let x and y be two stationary points of p which are 

connected* Then hy definition there exists a sequence *>*.jc^ 
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of distinct pairwise adjacent black cells such that x = xq and 
y = Wg use induction an n. If n s 1, then x ia adjacent te y and 
we j»?e done. If n fc 2, then either 3^ is also a stationary point 
in which case we are done ( or is a southsast comer,. In the latter 
case I?a have the situation depicted in the figure below, possibly with 
X and y interchanged and one sees that the cell a will h© black in 
T(P) no matter what its color in F* Thus X snd y am Connected irj 
T(P), 




P T(F) 

Now assume n-^-3* Observe that any chain of distinct pairwise 
adjacent black ceils cannot contain two consecutive southeast corners* 
Thus either or x J] _^ is a stationary point and we may apply the 

induction hypothesis to the chain x-.,, ... , ^ and *** t 

where it is either n - 1 or n - 2* Thus x is torniBctad to y ±n T(P> 

v1 ' v 

[ V—Suppose x and y are connected in T(P) and let 
Jtg, Xy *** , 3 ?^ te j sequence of pairwise adjacent black cells in 
T{P) such that x = and y = x^* Again we use induction and again 

ins cases for n - 1 and n = 2 with a stationary point {of F) are 
trivial, so assure n - Z and x* ia not a stationary point* Then x 1 
must have been white in P Since it is black in T(F)* Sane© x^ must 
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have satis Tied: the conditions in step 1 of the description of T and 
the situation depicted below *ust have existed in p. 



We know that X and y are adjacent to and are stationary points 
of P. fherefora it will suffice to show that all stationary points 
of P which are adjacent to are connected in P to th* cell labeled 
From the diagram above we see that the eastern and southern 
neighbors of x^ are indeed, stationary points of F and are connected 
to 2 , ?)qw consider the northern neighbor of which has been labeled, 

a 

n in Lhe diagram below. 



Assume n is & stationary point„ Then n cannot be a southeast corner 
and hence either or n* is black. But x^ is white, thus n 1 nust be 
black. Theref are if n ia a stationary point, it is connected to z via 
n 1 , A similar argument holds for the western neighbor of 5^. Tltis 
completes the Case for H ■ £. 

Ibe remaining cases for n > 3 follow as before fro® the 
observation that either x^ or x^ 2 ia a stationary point, although 
different reasoning must be used to make this observation now since 
Xq* ... * Xj, i3 a chain in T(P). 
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Con bluing lemmas 1 and 2 with the observation that every black 
cell in t(p) is either 4 at 4 .tlc.n 4 ry point of P or la adjacent to a 
Stationary point* we have ahOwn s 

L^anma % 

There is a canonical one-to-one correspondence 
between the nan-isolated components of P and the 
components of T(P). 

We now state without proof the corresponding lomma for holes, 
Which can be proved by methods similar to those aTXIVe* however* a 
slightly different concept than thet of stationary point must be used 
since £-mT.e holes syeb as the one illustrated below have no stationary 
points J 


•> 


Lepga ^ 

There is a canonical one-to-one correspondence 
between the non-isolated holes of P and. the 
holes of T{P)* 




The following lejmraa should be obvious by now 



















jg—-a £ 

If P contains HO isolated componB.nts or hoi 63 T 
than P ar.d T[F} are topologically equivalent* 

We now show bow to compute the number of applications of T 
nqulnd to reduce a component to a single aqua:™ and where that 
square iri.ll lie. Identical results can be proved for holes using 
similar arguments, 

Heflnitlon 

Given A component C of a pattern P T let 
T°(C> = C 

tNo ■* the canonical imaga of T^^lC) under 
T for l< <1 (provided it exists) 
n(C) = Bin fi[ row i intersects C > 
w(C) = min {j \ column j intersects C } 
se(C) * mil (i + j t (i.J) € c / 

Mote that n(C) t w(G), arid se(C) represent three lines fcnair.g a 
triangle such that G lies within the triangle and touches each line 
as shewn in the figure below* 



We will show that the ccenponeht VStlishes at the call Indicated by 
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til* dotted lines and that the number of applications of T necnired to 
achieve this is equal tc the distance from this cell to the se lips* 


Lewaa 6 

If C is i nisi-isolated oexponent, then 
n(T(C)) = n(C) 
w(TtC)) = wCO 
setT(C)) = iai(Cj - 1 

PROOfi [_n<T<C)) ■ n(C)] It ia clear that n(T(C))>n{C),. since 

each black cell in T[C) is either a stationary point [of P) or is the 
western neighbor of a stationary points On the other hand, if (i„j) 
is the western most point of G which lies in, row n(C)* then (i,j) must 
be a gtatlonary point and hence n[T(Cj) < n(C)* 

^w[t(C)) = w[C)] This result follows iitetodia t aly from the abeve 
apd the syczietry of T with respect to north and wept. 

[se(T{C>) - ss{C) * tj Any cell (i.ji) in C such that i + j - ae[c) 
must be a southeast COItiur of G and hence is adjacent to a stationary 
point (p f q) such that p ■+ q = sfc[C) - 1, Thus as (1(0) £ se(C) * 1, 

On the other hand all ayah cells do not appear ip T(C), SO 

wfltC)) £ se{&) - t, [J 


le mm a £ 

If C is s non-isolated component* then 
^ tC} (C> is an isolated component located at 
(n(C) T w{C)) t where k[C) ° se(C) - n[c] - w(c)* 


PROD(Fi By lamia 6 WE have k{T[C)] =■ k{G) - 1, Thus by induction 
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kCT^C^C))) » k (c) - k(C) ■ 0* which can Only hold for an isolated 
component, Thai cimpcnent awst be located at (n{T^^£Cj)* v(T^^£g)J) 
which is (n(c) T w(C)) ty Letuu 6* 0 

L*Mgg 8 

If p is an n»n figure, than T 71 ^* -1 (F) ia the 
aU whit* figurs, 

PROOF t Apply Lem»a 7 and tha fact that fc(C? < n + n - 2 fer any 
ccKponant C of F* 

L&TTgin £ 

If F Is an jfl^n figure containing c canponents 
and h holes* then the total n inn bar 1 of isolated 
canpcments appearing in the figures 
F, T(F) ■ .... I**-' (P) is 0 and the 

total number of i sola tad holes is h* 

PROOF! Immediate frctn. Lemmas 7 and B. D 

Linear 3ecognition of Topological Invariants 

The connectivity transformatiofi, T, described in the pfcVi&US 
section forms the basis of the cell types to be presented in this 
section* These cell types all have two common characteristics i 

i) They recognise topologically invariant predicates 

in linear tijne, 

ii) They consist of two layers, a lower or transformation 
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layer which carries out successive connectivity 
trailsformatiemg an the initial figure, and an upper 
or observation layer which Hatches the transformations 
taking place t gathers and processes information, and 
finally cernes to a decision about the figure. 

The transformation layer can carry out successive applications of 
the connectivity transformation t T t at the rate of one transforma-tiem 
every two units of time as follows. At tittO t 5 0 {mod 2) the latest 
figure P is represented in the transformation layer. At time 
t ? 1 (r.od £) each cell has entered a state which represents not only 
its own state at the previous time, but also that of its southern 
neighbor, F,ach cell now has access to the inf creation necessary to 
enter the appropriate state in T(J% 3y the nejct unit of timet 
t = Q {jsod £)* the transformation is complete. The Intermediate step 
is necessary to pass information around the corner so that a cell in 
the white State can determine the state of its sonthpastarn neighbor* 
(This step could be elir.inatad if diagonal connections were allowed.) 
The process is illustrated below. 



Th& observation layer watches for the disappearance of casponants 
or holes in the transformation layer and generates appropriate signals 
at each such disappearance,. Thasa signals are then processed and a 
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decision is reached. In acts case a It Is necessary for the northwest 
corner call to know that It ha a received all the llifomiation required 
for a decision. In those cases the southeast earner call. sends oat a 
timing signal which propagates through the array at an appropriate 
rats* Whan the timing signal reaches the northwest Comer Ceil* all 
other signals must have preceded it* and a -decision can te made* 

We now present seine topologically invariant predicates which are 
linear. In each case the proof that the predicate is invariant rests 
on the construction of a cell type which recognises the predicate in 
linear time* As explained above T all of these cell types operate in 
two layers with the lower layer being the transformation layer. Thus 
to da ac riba any giver, cell type, we need only da scribe the observation 
layer. 


Theorem 3.1 

V^jjijN is a lin ear predicate. 

PROOF: Signals are only generated by vanishing components. As each 
signal is generated it heads for the northwest corner cell* The figure 
is rejected if more than one such signal is received at the corner. If 
twe such signals collide on the way ta the comer, they combine to 
form a reject signal which, when it reaches the comer, will cause the 
figure to be rejected. 

Ikfir.it ion 

Lot bo given 4s follows 

F e ^c,c *11 cowponente of p are a imply connected* 






Than-p am 3*2 

is a. linear predicate. 

PROOF: Signals are penerated by vanishing nolea, If the northwest 
comer receives any such signal* the figure is r@,;j6':tedj otherwise it 
is accepted,. 

The above two predicates are special cages of a wore general 
predicate* 


r&iinition 


For any such tbit 1} < c ,hg £ «■ 

let be given b y 


?e 




and -£h £ 

where C is the hunbar of components 
in F and h, is the number of holes. 


Tn.’Scrcaq LI 

For any O^CjfC^.h^hg £ » f the predicate 
is linear* 


PROOF: This ia a aim pie adaptation of the aethods employed in 
Theorems 3*1 and 3*2* 

In the above theorems we have- merely used our transformation to 
count components and holes* Rut Lemma 5 indicates that the 
connectivity transformation preserves additional topological 
information* Ry introducing a slightly ■different mode of operation in 
the observation layer* we may take advantage of this fact. Consider 
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the fell owing predicate 


pe - ini tion 


Lat be the predicate by 


rsil* <=> 



3* c9n|Mnont si P is doubly 
connected (i.e. HO exponent 
of P has exactly two holes}# 


Mow is act of the form V^n,, •■ t)Ut nsv*rthel*3j wb have 


rnecrea M 

ifi a linear predicate* 

PFUQF: A,s before signals are generatedt by vanishing hales* but unlike 

previous cases they do not immediately head for the northwest earner# 
Instead they rexain positioned over the component in which they were 
embedded. As these components gradually shrink and shift under the 
action of the connectivity transformation* the hole signals shift so 
as to remain positioned over the components in which they originated# 

3y the time the component is finally reduced to a single cell* ail hole 
signals associated with it have collided and a signal gane rated by 
their combination is centered over the new isolated component* In 
the case of '^ N0C this ccabined signal would indicate whether the 
component bad originally contained 0# 1 t 2* or mere than £ holes* In 
the case of 2 holes# a reject signal would bw generated which would 
cause the figure to be rejected* Otherwise both the component and 
the coKbined hole signal vanish at the next unit of time. 
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Th* method of making a signal gsaftratu-d by a vanishing hole 
remain above the component in which the bole wag embedded can he 
applied in a dual manner. Ihtu the predicate "no hole contains 


exactly two cccpenents * could he recognised since it is Just the dual 
of % iDC . lii is precede to nay be extended as in the following theorem. 

The cram 3*5 


Given any figure Q, let V's* be the predicate 
given hy 



Thun is linear * 


PROOF? Retail that two figures were said to be tOpOlOgi tally 
equivalent If they had isomorphic associated trees. Thus given an 
input figure P, we can begin computing its associated tree. If at 
any point in the computation it beccmeg apparent that the tree of F is 
pot isomorphic to the tree of Q + a reject signal can te generated. 
Otherwise the computation will continue to c OGipLeti on and P will be 
accepted. The computation cf the tree of P can be carried out in the 
following mariner. 

When a hole vanlehe? [assuming there were no exponents located 
in that hole] h it generates a signal which represents the subtree 



This signal floats above the component in which the hole was located. 
If two such signals should collide* they combine to form a signal 
representing (a) * [Exteniions to more holes is clear.) When 




eventually the cmponent vanishes, it replaces tha signal 




by s 


signal 


. This signal then floats above the hole (or 


possibly the background} in which the -compc.ner.it was located. The 
process now continues* In general the signal generated by a Vanishing 
sunfigure will raprasant a tree which is obtained from that sub- 
figure's associated trae by adjoining a node marked "B" to the root. 

two such pignals Collide, they join to form a Signal representing 
the tree obtained by identifying the fl B fl nodes. 3y the time P has bear, 
reduced to the background and all signals have merged at cell 
vbe resulting signal will represent the tree associated with P* 

The process described above is workable but for one fact* Since 
there is infinite variety in associated tie aa and subtrees* we need 
an infinite nunher of signals to represent them* In the case of 
rec-gniiing this restriction is not effective since we need only 

enough signals to represent all the possible subtrees which could te 
f-armed while constructing the tree associated with Q, Anytime two 
signals collide or a component vanishes in such a manner that the 
.resulting signal has pot been provided for, it indicates that P is not 
ecu!valent to Q and. a simple reject Signal may be produced instead. L 

Corollary ji. 5*1 


-liven any figure Q„ let tfta be the predicate 
given by 





the associated tree of P 


Pe t 


ca 


is iaceiOrphia to a subtree 
of Q* 


Thun la linear* 


PROOF: A toll type which recognises may bo constructed by a 

simple adaptation of the method of Theorem 3,5* D 


Corollary '}+fr»3 

dven any finite set *f of figure3, let ^ be the 
predicate given by 


P *% 


there exists an 5- £ j£? such that p 
is topologically s^uivaiant to S, 


Then lj£ is linear* 


PROOF; Trie result follows immediately frtui Thecrara 2,12, since 





There seems to be an endless Variety Of topologically invariant 
predicates to which the connectivity transformation nay be applied 
to obtain linear results. We will conclude with the mention of 
two predicates which seem interesting and amusing. 


jcflnltlon 

Lflt I 4 3 |o|W*3,f j (representing black, white, start, 
finish), k figure P over 1^ is said tb be a maze 
provided it contains exactly cue occurence of s 
{start) and exactly One occurence Of f (finish). 
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A mas;# P is said to be solvable if the cells 


containing th* s and f are connected. by a chain of 
pairwise connected black Cells* 

ynecrsan 

Let M the predicate aver given by 

P6 V5ta IE - V- ■ r h p is a solvable maii'j. 

Then Is linear, 

PHOOP: Given a flgmrs p over l^, it can be determined; in a linear 
amount of lime whether or not it is a mate. If It Is* * two layer 
connectivity type array can -determine solvability in linear tine by 
having the S and f float above the components in, which they Wart 
embedded. They will collide if and only if the maze is solvable,. D 

In view of Theorem 3,1 It tb* above result says that We can test 
whether two given points In a figure are connected in tine 
(1 + £ ){tfl + n} + 2 . But in many figures the shortest path between 
such, points Is on the order of ^mh in length* Thus we can determine 
that two points arfl connected in an amount of time which is less than 
that required to transmit a signal along the shortest path in the 
component connecting them (t)* 

An application : The final predicate we consider is included aa 
a highly impractical application of the foregoing methods* Let any 
figure over 1^ represent a map of sane islands in a lake with white 
representing water and all other symbols representing land. Let b 
represent a bare plot of ground, S a plot on which a sheep is standing. 
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and f a plot 3t* Which a sheep dop (fide) li; standing. Then it Will be 
cf relief to shepharde Who keep their flocks on islands to know that 
the .^ollowiiif predicate is linear* 



every island which has aheap has 
a sheep dog* 


i-* t 


The proof is omitted. 

Hithe r Dimensiona ; &)e might ask for a thrco-dimeinsionai analog 

to the connectivity transformation which would allow a three- 
dimensional iterative cube of automata to tost in linear time whether 
an input figure (input sclidf) is connected.* tfo such transformation 
has bean found* Indeed* one Can see that any transformation which 
would handle three-dimsnEioiiai cases raist be annewhat mens complicated 
tnan a simple shririk-the-^CWLptments-tD-a-aingla-pcint approach* since 
One can have fibres such 4s two interlocking rings which Must be 
unlocked before being shrunk* 

As a problem intermediate between two and three dimensions* one 
might study the problem of recognising connectivity In multi-level 
mazes of finite depth* The solution in linear time of multi-level 
toas.es would allow us to relate arrays and two-dimensional finite state 
automata in an Interesting manr.er* 

Theorem 3*5 

If zmiiti-level mazes are solvable in linear time 
by iterative arrays, then any predicate reeo^ilEahle 
by a two-dimensional finite state automaton Is 
recognizable by an array in linear tir.fi* 




PROOF; Assur-e that culti-lavel mazes art solvable in linear tima* 

Let A be a fixed two-dbaunsional finite state automaton which 
operates or- figures over the set I* Then construct the cell typo X^ 
which operate e as follows* At title t “ 0 the figure over 1 is present* 
At time t = 1 the array has treated an s-level naze, where a is the 

number of states in A* Esth level represents a state of A* If cells 

(i,j) and (p.q) are adjacent and if the initial input at would 

cause the automaton to go frop state k to state r and move frocs (i P j) 
to tu>q), than a connsction bBtvBan level k at [i,jj and levei r at 
tp,q) is established in the mass. Thus we see that by tine t w 1 the 

array has canstmcted a rap of the H OT— its of A over the figure* 

This sap contains tha path actually traced out by A whan it is placed 
on cell Cl ■ 1) in its Starting state as we1] as many other paths 
corresponding to state/location configurations which A would never 
actually enter. The question ^oea A accept the figure?* now becomes 
the question “doss the multi-iaval pules have a solution?" (using the 
initial state level at (l P l) As the start point and any accept state 
OS a finish point)* 3y assumption this problem is a linear problem. 

The author has tried several modifications of the comnctivity 
transformation ir. an attempt to find a successful method of solving 
SUltl -level mazes in linear tire, but none have worked. Xulti^laVnl 
mazes can certainly ba solved in time proportional to m-n, but tr.air 
linearity is still an open question* D 
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3*5 Euler Number 


T>finltioia 

The Euler number of i black and smite figure is 
the number of components in the figure minus the 
number of holes. 


Mir.sky and Paperi^" 1 ^ show that prediCites depending in a 
reasonable way on the Euler number frf a figure are easily reeagaii&d 
by percaptrone* Tneir method of determining the Euler number is to 
perform a weighted ann over certain subf iguanas, Kamoly, each 
recurrence of tile subfigures and 


counts +1 and each 


occurrence of the subfigure3 




Counts -I, 


They shewed by 


induction how the SUH O-f these integers over a figure is equal to the 
Euler number of the figure* Their somewhat obscure motivation fpr this 


process is that ^ is analogous to a vertex* 


m 


m 


i 


to an edge, and 


to a fate* Actually there is a quite simple interpretation of 


their result. If we agree to deposit the count fit) for each of 
these subfigures in its southeast corner square and if we agree to sum 
the counts deposited in any given square, we find that only two oases 
arise where a non-ssro count is attributed to a square* Those 
corraspuhd to the subfigures 1 and R below* 
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ftow think of an observer vrho starts walking along the outer 
boundary of a component* keeping the camporent an hi a left, and who 
eventually returns to hia point of departure* Haring his strcil he 
will have made a number of left- and right-hand turns. Since he was 
on an outer boundary s he must have mads a total of four mere loft than 
right turns in returning to his starting point* If instead of 
courting all turns, one count a only those left turns which change 
direction from north to vest and only those right turns which change 
direction from vest to north, then cne will have exactly one mere left 
than right turn* But thus* special north-to-west and vast-to-nor*th 
turns occur only at L and R configurations respectively. Thus an 
outer boundary has exactly one mors L than R configuration* Similarly 
an inner boundary has exactly cne more It than L eonftguratlon* Hence 
the sum over a figure of the weighted L and ft configurations is equal 
to tna difference between the numbers of outer and inner boundaries* 
But this is just the difference between the number of canpcnents and 
bcleg* which in turn is the Biller number tf the figure. 

As an example, the figure 



would produce the following distribution of counts 
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-1 


+1 
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We can easily design sun array which would by tune t ^ z have 
transformed, an original figure into its cor™spending pattern of +1<s 
aad f s* Thig night be a natural .first step in setting out to reccg- 
jiisp a predicate which depends on the Suler number. Consider for 
e.Tsmple the predicate* which contains all those figures 

having positive Euler numbers. After transforming the figure Into a 
dist.ribu.ti on of counts, the problem beer meg simply to determine 
whether there are acre +1Is than -t r a. 

This ean easily be done in time proportional to m’fi, It 
certainly seocs that cus should be able to detect a surplus of one 
type of symbol ovar another in linear tizae, but surprisingly, this 
question remains open, 

Topological Hatch Problem 

A prime candidate for a non-linear recognition problem is tb* 
topological match problem. In this problem we present two black and 
■■ r hite figures to the array and ask whether or not the two figures are 
of the same topological type* The best known times for solving this 
problem are on the order of (m^n) , We will mention several methods 













of solving this problem below* 

ha-ftre seating pair. 1 ; of figure s : Let us nuke the following 
convention for representing pairs of black and white figures. Given 
two black and Kbit* figures we Wish to empire, US first adjust then 
to have the same sum ter of rows by adding extra rows of white cells 
to the bottom of whichever figure has fewer rows, The figures which 
n-cw have the same number of rows are placed- side by side, separated 
only by a Single column of red cells. The total figure consisting of 
the two black and white figures and the red divider constitutes the 
input to cur array* We will refer to the two figures as the left 
figure and the right fi gure , An array which is to solve the 
topological match problem will accept only those figures which are in 
this form and in which the left figure is topologically equivalent to 
the right. 

Converting a figure into tree representation : It is possible to 

design arrays which solve the topological match problem by dealing 

directly with the figures as initially presented, to the array, It is 

also possible to first convert tha figures into representations of their 

associated trees and then perfora isoMorphisn checking on their trees* 

Since topological equivalence of figures Was defined in Lems of 

isomorphism of the associated trees, we feel the tree comparison 

method is conceptually cleaner as well as much easier to describe. 

The process Of converting a figure into a representation of its 

associated, tree appears tc require on the order of (.urn) units of time 

to complete. Since ail known methods of comparing figures or trees 

2 

for isomorphism take on the order cf (bp a) units of time, the 
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cat-version jH'oess.g dig® not niter the functional fens of our recogniticn 
Ey using a peed-Up* we may compensate entirely for the time gpant 
in can version. 

Hie conversion process may be thought of 39 taking place in the 
following two steps) 

i) one cell in each component or hale is chosen to 

represent the corresponding node in the associated 
tr»p and 

iij the nodes are connected together by a pathway of Cells 
In a manner which represents thEir connectedness in 
the associated tree* 

We now describe a process for csnvefling a figure into a tree ip 
which these two steps overlap* Since the distinction between back¬ 
ground* component! and hole will he relatively unimportant in the 
following discussion, we will use the term area to refer to any of them* 
The background ia by definition one area T tut it may be in fact 
disc Mines ted by a component which touches the edg#s of the array in 
several places, A d-soonnec Lod background represents a difficulty 
for the process about to he de SC rl'ted, since it recognises the 
integrity Of an area by its connectedness* V T @ will assume that the 
figure to be processed has an all white border and hence a connected 
background. Any figure which dc^es net have such a border may be 
treated as if it did by having the border cells of the array pretend 
to be double cells with the outer nell being white. 

As an example we will follow the figure given in the following 
diagram through its conversion Into a tree representation* 


t ;» Q 



Cwr process involves a row by row scan of the entire figure by a 
signal which va will call the acannar , The acahhir Will travel from 
west to east along the top row, then nave south one row and travel 
from east to west along that raw, move south a row and so on* Each 
time it strikes an area for the first time, the scanner pauses while 
that area is processed. The processing Df a new area has three points 
of interest; 

l) The cell on which the scanner ia sitting becte.es 
marked 49 the node corresponding to that area; 

ii) a Unking pathway te established between tnls newly 
created node and the appropriate node above it in the 
tree representation; and 

iii] the entire area is marked by a contagious process 30 
that it will be recognised by the scanner as having 
been processed* 

Shortly after the scanner has caapleted its scan, the transfontation 
kill be complete* 
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At t = 1 the scanner is sitting an ceil (t,l) and ta^ini waiting 
for the background to ta processed. VJe will represent the location cf 
the scanner by drawing a small triangle- ( * ) in the lower right-hand, 
comer Of the Cell in which it is located, A coll which has became a 
nod* will be denoted by a heavy outline ( □ )t Thus we nave 



In the case of the background* no connection to another nods is 
mads. The contagion which marks the background as having been processed 
is s-iflllar to the contagious erasure used to recognize ^onw * Ln 

Section J,2 f but with two important differences* First, each cell 
which catches the contagion heeps a pcnramont record, of one af the 
directions fr?xi which the contagion arrived, We will represent this 
ruuord by a snail arrow within each cell which begins in the canter of 
the call and points in the direction froa which tha contagion 
arrived { ), Second a aedhuiisn is provided which allows the 

Scanner to know when tha contagion which ±t ha a created within an area 
has completely covered that area. As each new cell catches the 
contagion, it sends a signal, called a dot* hack along the syateft of 
arrows which ultimately leads to the scanner. Thus as long as tha 


























contagion continue a to spread# the scanner will continue to receive 
dots and will not resume its scan. Since .He contagion moves away 
from tile scanner at one cell per unit time and since dots travel at 
one sell per unit time, the normal frequency of arrival of dots at tha 
scanner is one dot every other tine interval. Thus if two tine 
intorvols pass without the arrival of a dot, the scanner ray resume 
its scan. Ms will represent the presence of a dot in a cell by a black 
dot ( | «-*] ), Gne might think Of the con tagion as a Spreading grass 
fire and the dots as particles of sticks drifting back from the fine. 

The signalline iaechanI sk. provided by the dots is necessary since the 
scanner recognises new areas by the fact that their ceils have net 
been infected by contagion. If the scanner resumed scanning cqfcre 
the contagion stopped, then it would not he able tc distinguish 
between cells in newly encountered areas and cells In old areas to 
which the contagion had not yet spread, 

let us now look in on the progress of our example* £Motet the 
diagrams which follow arc Intended as an aid to understanding the 
process and dc not necessarily represent all the information present 
in asch ceil,) 


t - 2 



9 ? 


























t « 3 




eantagion and signaling' proqs$g ana under way. At t = I 1 * 
the ccntagian branches far the first time* 
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t * i6 



At t - lfi we observe the first case of the gcntagicsi spreading 
through a diagonal connsctioij between white cells (from cell £“+*9) to 
cell {5*6}}* Hot* that the contagion takes two time units to pass 
through the connection because of our nearest neighbor nodel* Kota 
also that cell (4,9) has generated a second dot at t = 16 to avoid a 
gap in the dot sequence which would be created if it sir-ply waitsd to 
train salt the dot generated by call {5*6}* In general any whits csll 
which catches the contagion and which has diagonal white neighbors 
will generate a second dot in this manner* 


9 ? 













































h's nCw watch t-be contagion C-OUfl to an end. 


t = 17 




3oie that the contagion arrived at ceils (7,6} and (9,10) fren 
two directi ■Mia at cnce and that these cells mads a choice cf direction* 
ftnjr choice will do* 

! ,|fe now see the last of the dotg begin to move toward the scannar* 
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t - 00 



B/ t = [3,5 the last dot hag arrived at the scanner< 


t * 35 
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jfct t - j6 tne scannar sees that no nort dots will arriVH ami by 
t = j? it has begun to continue its scan. Sy t ^ d? It has caraplBteri, 
its soap of the first rew T dropped, down one row f and has encountered 
an unprocessed cell, foie* again -contagion within the new area begins. 
In addition we new Sot the linking proc&ss begin to take place* ‘The 
pathway 0 wineCting the new node to its parent in the tree is grown 
cell by sell siaply by connecti-ng the node cell to the cell from 
which the scanner arrived, and continuing to grow the pathway in the 
direction indicated by the arrows. 

The first three steps are shown below* 


t ^ it-7 


t = 
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3y t - 57 the pathway has beer, completed t but the Contagion Is 


still spreading* 
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By t ■= 73 the contagion is dead and the last dot has arrived 
tacit at th® scanner* 
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By t - 97 a third area has been processed and Linked ar.d the 
seamier is preparing to cantin'ie ita scan* 
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At t - ITS the scanner has coaplated its scan and eli processing 


is complete 
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Although tha process was COmpletO In OUt example by the time th* 
scanner finished its aciai* this Is not always tha case* Hi* scanner 
waits at aach neda until the contagion is dead* but dons not wait until 
tha connecting pathway has been establisned* Thus it might be the 
case Lhat SOm* pathways are still net complete by tha time the scanner 
arrives at the end of its scan* Since the idigest pathway may b a 
a bent -jm+n in length „ we crust wait this additional amount of time to 
insure that processing is complete* 

The entire process of converting- a figure into a tree represent 
tatloci takes time proportional to m^n. The scanner is in motion for 
about m-n units and at rest for a total time less than or acual to 
twice the sum of tha areas* Counting Lhe waiting time for caupletlcn 
of connect!QAi* the entire process will ha complete in at most 
Units, 

The tree which was produced in. our example contains six nodes 
corresponding to areas and two false nodes created by the confluence 
of pathways* Tie fals* nodes located! in cells (2,6) ar.d [£i 10} are to 
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ba ignored in Otir interpretation of the rejfults. The creation of 
ialse nodes is a necessary evil since the trees we are trying to 
represent may have nodes of arbitrarily high degree, One way of 
ignoring the false nodes to think of a trsa-likB structure of loops 
rather than of -an actual tree. In such a loop structure toe descend-* 
ants of a node are threaded on a loop which begins and ends at the 
node. The diagram below shows a tree T and the corresponding loop 
structure L» 




The algorithm for converting figures to tress which was described 
above can he modified to produce such loop structures simply by 
nuking the connecting pathways double* The loop structure 
corresponding to our oxuple ia shown below. 
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CoKnari np; trees: Having shown htw to convert figures to tree 
representations! we now must describe hm? two tree representations 
SjajT tie compared for isomerphism + The methods to be described will 
make use only of the cells which actually font the tree representations 
for the left and right figures, plus a pathway of cells connecting thu 
background node of the left tree to the background node of the right 
tree* The pathway connecting the background nodes is used for 
Qcmm-mt cation between the cells in the left and right trees, Imagino 
now that wc have deleted all cells from the array except those 
comprising the trees and the communicating pathway* If we grasp the 
left background node In one hand and. the right background node in the 
other hand and lift, the trees will untangle and Jurng down. One has 
an image of something like the following diagram* 



communicating 


/* 


\ 



J 


tree 

\ 

\ 


\ 

A 

\ 
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This is the form Iti which we imagine che cells to be arranged 
panly to aVoid thinking ubsut their actual embedding in the array and 
to he able to use words such as ’'above™ and "below 8 in describing the 
relationship between nodes* Since no path lengths were altered in thti 
lifting process, COnmuiication times have not been altered, 

Racarnive method ]: The first method of isom orphi m - chesting to be 
eo_-, side red is a straight forward recursive procedure, We chink of 
two observers, one standing on each background node, who can speak to 
each ether via the corouniCiting pathway. Our observers agree to 
check whether the trees are isomorphic* They do this by first 
comparing the degrees of the node a on which they are standing. If the 
decrees differ, then the trees aro certainly non-iscmorpMc and tne 
process tc.TEinates, Tf the degrees are both Eero (ignoring too 
roepwnication pathway)* then the trees are Certainly isomorphic and 
the process terminates. If the degrees are equal hut non-Eero, then 
further checking Is required.. The checking involves comparing each 
subtree below the node on which the left observer ig standing with 
each subtree below the nod* on which the right observer is standing. 

The Comparisons are carried Out in a recursive Hardier by the observers 
thornsolves. They begin methodically to make ail pairwise C Cm parisens 
of one isft subtree with one right subtree. Each time a matching 
pair is found* they are marked ar.d eliminated from consideration. 

Even tuilly either a ocifr-tc-onc correspondence of subtrees will be 
found* in which case the trees are isoRorphic, or a subtree will be 
found which has no matching subtree* in which case the trees are 

nan-iscworphic. 




jfescrlpt-Lon .gnite rati on raelnod; flu second method of isomorphism 


cheeking might ba called the description generation method. Cnly thifl 
central iidaa will bE sketched here* Assume that we have established 
a set of conventions for describing -finite ranted trees by stringg of 
Symbols* Furthermore assume that our system is canonical in the 
sense that two trees which are isomorphic tuve identical descriptions* 
£i_ich a system could for instance be a parenthesis system in which a 
tree ia described by an. opening parenthesis followed, by the descriptions 
of cash of its subtrees in lexicographical order followed by a closing 
parenthesis* having established such a ayetern, we have the cells 
in a tree representation Carry out organized activity in such a 
manner that the cell corresponding to the root node emits the 
canonical description of the tree* Given two treco, wC simply 
compare the descriptions they es.it. The trees are iSCtacrphi c if “d 
only if the descriptions ar* identical* A problem which arises with 
this method is that Oft* tree may Bait symbols faster than another, 
but by organising additional cells into a variable length stack p 
such inequities in generation speed may be ignored. 

Sjuad car mettled : Tpo final method of perfomirig the topological 
Batch might be called the squad car method. It is similar to the 
recursive method dagerihed. above, but is more highly parallel* It is 
in its simplest form whan applied to the comparison of binary trees* 
so wa will consider this case firgt. Let E 1 and E £ be two rooted 
binary trees as in the figure on the following page* 
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caparison process goes aa follows, A radio- equipped squad 
car, s* will drive over the branches of re porting over its radio a 
description of its route* Stmultaneously a second ear, C, will basin 
to- drive over the branches Of 3^ While listening' on its radio to the 
description of the route taken by 5„ The car Q will attempt to 
follow an isomorphic route* If C is successful* it will eventually 
arrive beck at the root of and the trees will have been proved 
isomorphic* if C is unsuccessful, it will, as we shall see, vanish 
sanewhsrs along its route and hence never return to the root of Bp 
■Die route taken by S in driving over E 1 is a simple right-hand 
tun method for traversing a tree. When S approaches a nod* of 
degree three f rim above, it leaves by the {free S' 9 point of view) 

right-hand branch. Vpbn returning to the node from below, S than 

takes the second descending branch* Upon return to the node again, 5 

leaves by the upper branch- Hit path of 5 over B 1 is shown in the 
diagram on the fallowlag page* 
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The de script ica whion S broadcasts is as follows, Upon tnttrinj 
a node for the first *i«e from above t it broadcasts the number of 
spending branches leading from the ncde (Q,. 1, or £)* Ch all 
subsequent visits* it simply broadcasts (h) to Indicate that It has 
returned to a previous node* Toe complete sequence of symbols as 
broadcast by 5 when driving over would be t,. Z t 1 t Z t Q* 0* ft, 

M, 1, 0* K t W T H* (foe could use instead a system of pa ran these s, 

but the system described above is more attuned to tne task at hand,) 
How let us follow our example as S traverses Ei and G attempts 
to find an iscsDorpirie path in B^* 

At t “ 1 both oars are about to begin and are sitting on the root 
nodes. 5 lies already transmitted its first report (l} t but it has 
not yet been received by G* 
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t = 2 



Bv t = 2, 0 has received the 1 emitted by S at t = t , has found 
its current path to he it. agreement with the 1, arid both cars ha vs 
advanced to the next node* {We ignore for the mccient the time It 
takes to transmit messages and the time it takes to move from cede to 
node.) 5 has transmitted a. 2* When C receives the 2* it will find 
that, it is indeed sitting on a node of u.e appropriate dogma. Which 
branch should it take next? A daterKiinistlc car would g.jt One choice 
and might make the wrong one. A non—detoraidstl c car could be 
aseyjned to stake the correct choice* {hr car however is a parallel 
car and it makes both choices. That is* it splits into two identical 
cars and each car takes a different branch leading froc the node. 




tO 


t 'Tjf 


^ t “ 3, 5 has moved to the next node and our bilccating car C 
has moved do™ to the next two nodes. 
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^ t a 4, S has arrived at a doubly branching node- and Iws 
transmitted a Both copies of C have advanced one node* Mum the 
Left-hand -copy of C receives the Z, It w±H simply vanish since it 
will then be apparent that it can no longer follow a route similar to 
that followed by 5* The right-hand copy Of C will be in agreement with 
the Z t itfill again split, and will advance to the next two nodes. 






Beth copies of C will agree with the 0 new being received and 
will attempt to return to the previous node, When a car splits, 
leaves a node in two directions, and returns from both directions, it 
indicates that both branches Lead to isomorphic subtrees, Che of the 
cars can simply vanish, leaving the other car to complete the process. 
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By t " 7i C has descended a node and is still in agreement with 
the description being given by S. Freer here on out G will sic:ply 
mirror the movements of and the trees will be found to be iaomorphie* 
The entire process has tajeen tisa proportional to tha number of nodes 
in 

A point of interest is that the number of distinct isemorphisms 
between two trees can be easily obtained from the 3 to Vo method, £ach 
time two cars return to a node and mer^e, a marker is placed at that 
nod® indicating that the two subtrees below are Isomorphic. If by 
the end of the process the trees turn Out to be isomorphic, then 
there will he a 71 distinct isomorphisms, where n is the number of 
r.arked nodes, 

Wion we come to apply the squad car aethoct of isomorphism 
choc kin g- to the tree representations which have bEen generated from 


114 


figure.?, ve encoointBr two difficulties. First the trags- *rg not 
binary* but cun tain nodes of arbitrarily high degree* Sec end the inter, 
node distances Vary widely* 

This problem of the existence Of nodes of arbitrarily high degree 
is easily overcome, '.'.hen 5 arrives at a new node* It must report the 
degree cf that node. In the binary ease this could be done by Using a 
fixed, set of symbols, since only three possibilities could arise. In 
the current case S oan report the degree of a newly encountered node 
'n unary by driving along the loop (thinking m terras of a loop 
structure for a mauent) on which the descendants of that node are 
located and transmitting a H t n every time it passes a node, When S 
ecnpletes its circuit cf the loop and arrives hack at the original 
node, it transmits an end cf number signal* The degree of the 
corresponding node or nodes on which C is located is checked by having 
G traverse the corresponding loop or loops, advancing by one node as 
aach *1^ is received* Any copy of 0 which is not back at its starting 
node when the and of numbar signal arrives is on the wrong track and 
will Vanish* Provisions for handling highly multiple splitting and 
recombination of C in B^ must also be established* This can bo 
accomplished by leaving appropriate markers at the nodes. 

The problem of varying distances between nodes appears to be more 
serious in that the methods of overcoming It seem to boost the total 
time required for the process from something on the order of the path 
lengths of the trees to something op the order of the product of the 
pathlengths cf the trees* Consider for a mOsoebt what tuck place lb 
the naive binary picture presented above* The squad oar 5 drove over 
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Bj and transmitted a description of its routs, since S received no 
feedback from C ( the rate at which S progressed was independent of 
any difficulties encountered by ■£* In particular if S and C drive at 
the came rate, then the branch lengths in E^ must be shorter on the 
average than those in & or olse C will become overloaded with the 
information transmitted by S- In the ease of the tree representations 
wnlch we have generated from figures* there Is no OOrrespcndenOe 
between branch lengths in B^ and in B^. Ctos vay of circumventing 
this difficulty i3 to allow the signals from £ to pile up in a queue 
it C. However* C moves up and down within the tree and there may be 
multiple copies of C present which may be able to process the signals 
frem $ at different rates. By the time the novoaeat and multiplicity 
of C has been accounted for, one ends up with -a process which is 
proportional to the product of the path lengths of and E^* 

A simpler method which yields the same processing time is to have 
5 vait for acknowledgement after each transcistlon, Thus S makes a 
unary degree count and then waits for an acknowledgement from C. The 
signal sequence produced by S travels up the branches of * across 
the aflnpmlnicatiOn pathway, and down the branches of As the signals 

travel down the branches of 3^ f they split at each node cf degree 
greater than two and a Copy gees dawn each desaandi'ig branch* Each 
copy of C will receive the signals, process them, and send back an 
acknowledgement, "A™, The "A^'s travel Up the branches of E-j,* When 
an arrives at the node of degree greater than two, it waits for 
the remaining n A n r a to arrivu from the- other descending branches* 

When they have aH arrived* they combine into a single "A% which 


Uien continues up the tree. It new betem.es important that when a 
copy of C vanishes, something bo left behind wnich can still 
adcr.owledfie si final®, for otherwise no &ckmJwlodgwmch’y would evar be 
received free a branch down which a Q had, Van tired and disappeared* 

The squad oar method as modified by unary decree counting and 
aeknowlodgonint of transmission takes on the order of £m*n) to 
corope re tvo n^n figures* The analysis is as follows, The amount ftf 
time .spent in motion by J and C is bounded by a multiple of the path 
lengths of E^ and This tixe is small cOr.parod with the time 

spent by S waiting for acknowledgements. The number of times $ waits 
for acknowledgement is proportional to the number of nodes in which 
in turn may be proportional to The amount of time spent waiting 

for a Single acknowledgement is primarily a function of the distance 
between S ar.d the furthest (in terms of path length in the combined 
trees) copy of C* The latter distance may also he prcporticn.il to 
m-n. Urns the total time $ spends waiting for acknowledgements is 
proportional to (m*n) , Of course seme figure pairs may be found to 
be non-isomorpbic soon after the tree representations have been 
generated. Other figures however will take much longer* 
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The diagram be lev shews 4 type of figure whose tree representation 
h-as jl luutifcor of nodes proportional to [n. n) and a depth [seaaarcd 
frost the root to the deepest node) proportional to such 

fibres will require a long time to ehaijic against similar figures* 





































CHAPTER 4 


DISPLAY PROBLEMS 


The prvotding two chapters dealt with the use of arrays as 
deVitos whose input was a figure and whose output was a sinela binary 
symbol* We now study arrays as dadoes whose input is a figure and 
■whose output is also a figure, 

'M Introduction 

If tho arrangement of initial states in an array can be viewed 
as an lnpyt figure„ then by allowing the array to run until every cell 
is In a final state, we may view the arrangement of final states as an 
output figure* In this way an array or more properly a coll typo may 
ba viewed as a tranafornatlcn frfrn figures ever the initial states 
into figures over the final states. An array operating in this node 
is said to be working on a display problem - Tne following definitions 
foraalizs these 0 Oil cents. 

fa f ini t ion 

Given two sets I and Fi a figure transfomation 
(or transformation for short}* of type l/F is 
a function frcp the set of figures over T into 
tbe a&t of figures over F, such that the image 
of an ain figure is always an a*n figure* If 
P is a figure over I* we denote its imago under 
J by J (P)* 
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Efefir.it ion 


Given a tranifcifnation and a call type 
M* we say that K Implements X if 

A) J is a transformation iron figures over 
the sat of initial states of M into 
figures oner the final statea of M 
il) 01 Ten any m*n computation = fP, . D^ ± „ , 

of type K p thars exists an integer k such 

that 7(jP) = if, 

^bfinitd on 

Diven a transformation we say that it la 

cellular if there exist-S a coll type M which 
implements it, 

Daftniileh 

If Ttm.n) is a real,-valued function* we say that K 
implements J within time Tfa.n) 1 if X imolsnants, IT 
and for every s^n computation £f= if.Ei 1 h LT, «*• 
th&ra egoists an lntagar it such that Jtif) - 
and, it $ T(n P n)* 

If there exist integer* s p q, r such that M 
implements "J within time pa ■+ on + r t ws say 
that sT Is linear , 

tlflny ef the theorems on recognition such as Theorem £. 3 * the 
Minimitihg Uteoreai have immediate analogs for display. Since nothing 


*20 











really new is contained in these analogS, ve will craft them. the 
Speed-Up Theorem however i£ slightly dlffesent in farm in the case of 
disp' ay. 


fneorera d. t (Speed-Up) 



J-(T(iq,n)) + 2(1 + jKa * n) - 2* 


PJKWFs As in Thenram 2.2 and Corollary 2,2,1* we perform packing 
fell owed by spoeded-up simulation. According to Corollary 2.2.1, we 
will have all simulated cells in their final states by time 



Unlike the recognition case where no acre remains to ta done, we 
must, in the case of display* unpack the results so that the output 
figure can be displayed by the array. 

Unpacking raay begin as soon as all the simulated cells have 
entered their final states. If it were the ease that all the 
simulated Coils entered their finaL state at the same time, we could 
begin unpacking at that time* However* since different ceils may 
enter final states at different times* WS need a method of deciding 
when the last cell has entered its final state. This is done by 
having a module generate a completion signal as soon as all of the 
cells It Is simulating have entered their final states. The 
completion signals originating an the southern edge of the packed 
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portion of the army flow to the north in the colmnr- in which th*y 
originated. If a signal arrives at a module* all of whose simulated! 
cel]? have not entered final states* it waits until they do- enter 
final states before continuing, Ibua when a completion signal arrives 
it a module on the northern edge, it signifies that all of the 
simulated colls in that oolusr. are in final states. 3 jl a similar 
manner each northern edge module passes the ooipletiaon signal on to 


its western neighbor as soon as it receives completion signals fran 




its southern and eastern neighbors. Thus In no more than E 

K 

□TP-ts after the last simulated cell has entered its final state* the 
northwest confer module will he aware of this fact. It can then 
initiate a two-dimontional firing squad in the packed portion of the 
array, When the firing squad g&as off* the unpacking will begin. 


Assuming that the firing squad takes 


«Q3 * [i 


) - 4 units to go off, 


the unpack'.ng operation will get under way no later than 


t » a + n +■ 2£ 


) - Z + 


|~T(m,.n) - tj 


fWe will 3&a in 


Section 4 that this firing squad time can be improved slightly,) 

+he unpacking process is quite staple and is illustrated an the 


following page for a 5*5 case with k w 2, 
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The unpacking process takes n + h steps* (Mote information can oe 
packed faster than it can be unpacked.) Thus the entire simulation 
frciE the beginning of packing to the end of unpacking takes 
a(a * a + [jj] " 0 + JL*T(n»n) +■ *{1 + *)<» + a) * 2 


steps* 


D 


We also have by a simple construction 
Ihecj^jfl *+*£ 

The nempoaitien nf cellular (linear) transfoimatiens 
is a Cellular (linear) trwiBffirBLati&n, 
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4*2 Specific Problems 


In this section we will consider go qb specific figure trenafar- 
mapic-ns find their impfamentfitlon by iterative arrays* Seme Of these 
transformations are included because they are frequently proposed by 
people who are hearing about iterative arrays for the first time* 
Others have bean included because they seen-, to be interesting trans¬ 
formations whose linearity is Still open* The discussions are brief 
and informal* 

The first set of transformatlung we sonaider are some simple 
gauze trie trane fwnati on a of black and vhite figures which are 
usually proposed as "‘problems* by persons who are experiencing 
iterative programtting for the first time* They are ail linear 
tramform at ion 3 * 

W*" 51 *® 

This transformation is Hie result of translating the 
input figure rigidly to the west so that the western¬ 
most black cell in the figure lies on the western 
edge of the array* 

Example: 
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TRAMS 



may bp implemented in linear time aa follows: 


























1 ) 


The figure casts t ahadcw downwards onto the 
southern edge, 
li} The we stem-moat point of the ghadou ia detected 
and a line ±3 drawn to the northern edge from this 
point. The figure has now been enclosed in a 
block of sell!; and is tangent to the western edge 
of the block, 

±i±) Using shifting tethitlque3 sinliar to those used 

in packing and unpacking figures for speed-up <(se* 
Theorems 2.2 atld ^.1> f shift the block to the west 
so that it is tangent to tha wa-stem edge. 


J HCT (norm) 

This transformation applies only to square (e = n) 
arra/e, Toe transformation is the result of rotating 
the input figure about its central point by 9 o* counter 
cl&ckwise. 

Example: 



P ^jMT^ 

First observe that a hollow square of ceils can. shift 

the information it contains by ^C” ccunterclockwiia in 

































time proportional to the edge of the square. Sudh a 
shift is Indicated below* 



Thou “ley " a, 9 implemented in linear tijne by first 

organiii^g the array into a set of concentric hollow 
squares and then liavlng each hollow square shift its 
Information by 9Q* counterclockwise. 

Gl* (flight ask for rotations of Other than multiples of 90* * A 
major difficulty then. be coses the question of just what tne result of 
such a transformation Should be* This question in turn leads to the 
area of approxidaticMi techniques for figures which is Outside the 
coops of the current work. 


7 BUb.) 

This transformation capsag a dilation of the figure toy 
a factor Of n atoout the center point Of the array, where 
P is 3 positive integer or the reciprocal of a positive 
integer. If n is greater than the figure enlarges; 
if n ±s less than t, the figure contracts. 

























Example: 



yf , . may be implemented in linear time as fellow*: 
EIL(p) 

i) ih* Center point of the array is determined and 

each cell determines which of the four rectangular 


quadrants it lias in, 

ii) 'fra portion Of the figure Within each quadrant is 

dilated fcy a factor Of H* either away from or toward 
the central point. 

The process of expanding or contracting a quadrant is 
similar to the process of packing or unpacking for the 
purpose of speed-up as described in the proofs of 
Theorems 2,2 and 4 - 1 . When expanding by a factor of k f 
each cell in the quadrant pretends that it is a isoclule 
in -rfhich a k»k block of cells has been packed. The 
color of these cells is taken to be the color of the 
module* When the cells have been unpacked, they will 
cover a Jok area in the figure. That is, the original 
cell will Have expanded by a linear factor of k* The 
process of a contraction ia similar. After a k*k black 





































of calls ha a 'seen packed into a module,, that module- takas 
on a color which la determined by the colors of the cells 
packed 'within it. In this ease one has to fix a rule which 
■Iflterrainss tbs color of the module as a function of the 
colors of tha cells. Three such rules are {1} the module 
turns black if all the cells -ire alack and white otherwise* 
(2) the module turns black If any of tbs cells are black 
and white otherwise-, and (J) ths module turns black if 
more than half of the cells ara black and white otherwise,- 

In earlying- out a C cat Taction, One always has enough room In the 
array to represent the image of the transformation. In carrying (Ait 
ah expansion, however, there may not be enough room in the array to 
contain the resulting flfhire* [When we say the array contains the 
resulting figure, we of course mean that the array contains all the 
blank cells in the resulting figure,) We may simply truncate the 
expanded figure at the boundary of the array or we may use the concept 
of folding to preserve the entire expanded figure for further proces— 
sing, although it cannot be displayed. Consider the similarity in 
structure between a piece of paper which has been folded in half 
once with the fold <m the left and an Iterative array of two layers 
in which we think of the layers aa being connected only at the 
western edge* If the array has dimension m^r., we have- in effect an 
array Of dimension m*2n which has boon folded over once. This ig 
the concept of folding , By using more layers* mure ccm plicated 
folding nay be simulated. In particular,, given any positive Integer 



k, we .nay design an array vhichi by using folding, acts as though the 
Initial figure is canterea on an array of slse km*kn* Thus given any 
positive k, ve may use folding to design a cell type which can expand 
any input Jigure by a factor of k although it cannot display that 
figure in the usual Sense* Finally given any positive rational 
numberi Q, we may perform a dilation by a factor of q by first 
■expanding by the numerator and then contracting by the denominator* 

the next set of iranefonnaticns to be considered are known to be 
solvable in tine propsrtisnal to n-n, but thftir linearity is open, 

< PACON:y 

This transfcrmatioa accepts black and white figures and 
produces a figure which has the SBJne number Of black 
cells, but in which these cells are packed into solid 
rows at the top of the figure, 

Bhiar.ple: 


There are several simple ways Df achieving this packing 
in time proportional to cut* Wa will leave them for the 
interested reader to discover, 

The packing transformation is related to the recognition of 
which vis defined in Section 3*5* The recognition of that 




PACS 
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predicate had been reduced to determining: whether there ware more 

+Vs than -4'a distributed about the array. If 7 is linear, 

FACS. 

then in linear time the *1's could. be packed in one layer, the -1 1 b 
in another layer, and the majority do teurmin ed, Thus the linearity of 


* ha of It would also imply the 

linearity of , dofined to bo the aet of all black and white 

■hxJwa 

figures which have mure black than white cella. Currently the 
linearity of ^blaCK open* 


(HSPflSSEHTATIVE) 


The problem is to transform a black and white figure 


into a black, red* and white figure by turning exactly one 
call of each component or hole red. This transformation, 
thus corresponds to the process Of selecting a represent¬ 
ative cell fTOE each hole and component. The tree generation 
process described In Section 3,6 oar be easily modified 
to produce a solution to the representative problem, The 
linearity of this problem ie open, Attempts have been 
made to adapt the connectivity transformation to this 
problem, but without success* 


Note: In the above problem, as in the fallowing two we do not 
actually specify the transformation In complete detail. Instead wb 
indicate some .general properties which the transformation must have. 
For example in the problem above we do not care which call in a given 
component turna rad, so long as exactly one turns red* The problem 
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is to find: a ©ell type which ImplcsnGfita in linear time a transformation 
naving the properties given. 

X (SHORTEST FATE) 

uf 

GiVCr. a solvable mass, draw a shortest path solution to 
the nose in rad* Theeram 3 *^ states that solvable Biases 
can he recognized, ip linear time* Here we ash that a 
Shortest path solution be displayed in linear time. We 
might be less ambitious and ask can any solution to tne 
maze be displayed in linear time t since this problem is 
open also* A solution to the shortest path problem can be 
obtained, in tiui£ proportional to BI'H by a simple 
adaptation o£ the contagion process described in 
Section. 3 , 6 * 

X r , (GOLD FLATS) 

lir 

Given a black and, white treasure map (black islands in 
white water) on which is indicated Lhe location of a 
□heat of geld {by a gold Ceil) T display the tzap obtained 
by cole ring gold the entire island on which the gold is 
located* {Or equivalently erase all islands On Which 
the gold is not located*) This process is easily carried 
out in tire proportional to a*n by a contagion urocele* 

Its linearity is open* 


*i-*3 Ttoo-Buneiuienal Firing Squad 


In this sk tl on we ■consider a two-dimensional analog of the we 11- 
knowi firing squad synchronization proble** (See Section 1,2,) This 
problem Is strictly speaking not a display problem, but is more related 
to display than recognition* sc we have included It in this chapter* 

As has been seen in the proof of Theorems 2.2 and a solution to 
the firing squad problem is a Useful tool in solving other iterative 
array problems* 

The two-dimensionaLl firing squad problem may be stated as 
follows * Design a toll type M such, that the following conditions 
hold: 


i) Hie initial states of K ar* g (general) and a 
(soldier)*. 

ii) The final state of M is f (fire). 

Hi) The soldier state Is dormant relative to soldier 
and edge states, That Is 



where g is the transition function and o|s represents 


either aa edge state or a soldier state, 
iv) Given any m*n array of type- ft in which the Initial 
configuration consists Of one cell in the general 
state at location (1*1) and all other cells In the 
soldier state* then there ejclsts an Integer k suoh 
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that all tells enter state £ for the first tine 


at t - h 


A thorough discussion Of this problem for the cate Where di = 1 is 



solution (nine state solution In our fettaaiism) In which the soldiers 
fire at tine t - 2n - 2* Kiis solution or any solution %o the cne- 
dimehsional ease may be used to eonstruct a solution to the two- 
dimensional problem as follows. A firing squad activity is organised 
in row 1 of the array by the general In cell (1,1). At time 2 n - Z 
each soldi*r in row i instead of entering the firing stole, be-scmes a 
general* (One of the largest and most drastic field promotions in the 
annals of military history*) Soso new generals* together with the 
old general* n^w organise firing squad Activity in their respective 
columns. Since this activity begins In each column at the same time 
(t = in - 2 ) and since the columns are all of length m* we have that 
the entire array will enter the firing state at time 

t = - 2 + - 2 ® 2(m + n) - 4, 

The solution to the two-dimensional firing squad problem which 
was presented in the previous paragraph is not optimal in terms of 
time* Before considering a faster method* let us find a lower bound 
on the time required for a solution, 

Theorem 


Any solution to the two-dimensional firing squad 


problem will require at least m +• n + ma^ - J 



units of time to enter the firing state on an m>*n 
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array 



PROOF: Let -A t at 'em given and assume without lea a of generality that 
n^E. We will shew that call £l,ra) cannot fir* before time 
t = m +■ 2n - J. Bie idea is quite simple* Cell (l.m)' cannot fire 
ha fora it learns of the existence of the eastern edge of the array* 
The amount Of time it takes a gigml to tTr4V*l frdm the general to 
the eastern edge and return to cell [\,n) J,4 K + Zn - 

It mere fcnwal proof may be given using diagrams and the 
interdependence Thtoraia., but tha idea is the bhu. 

We now find that the lever bound given above is attainable* 

Theorem 

Thar* exists a solution to tho two-dimensional 
firing squad problem which enters tbo firing 
state at t - m + n + max {m*r. £ - 3+ 

/ A 71 

PROOF; Wdore and LsngdoiP * demonstrate tha existence of a 
seventeen state solution to what they terra the generalised firing 
squad problem* This is a one-dimensional firing squad ili which the 
general is located net necessarily at one end of the line of soldiers, 
but somewhere in the Kiddle* If wo bend such a line of soldiers by 
90* at the general's location* we end up with an L^shapod firing 
squad as in the following diagram* 


p- n ---»| 
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Mocre and LangdOh's solution, expressed in terma of n ar.d n will 
cause the soldiers to fire at time t “ m + n + max |ra*n ]■ - 3* 

Sow consider an m*n array which has been partitioned into a sat of 
L** shaped components as in the diagram below* (Assume n >• m.) 


n 


TT 
















1 
















Ll 







Ve will set up a JCoOre and LangdOh solution to the firing squad 
Droblem in each of these L r s, Sotice that the corners of the L's lie 
in a diagonal line. ■The comer coll In the largest L knows it is a 
general at time t = 0 and can begin activity at once* A signal is 
made to propagate down the diagonal at the rate of Ono diagonal cell 
every three units of time, As the signal strikes each soldier on the 
diagonal, he becomes a general and initiates firing squad activity in 
his i* Thus the I whose general is in row i will begin activity at 
time t = 3i - 3 and henco will fire at time 

t = 3i-3 + {m*i+1)+£[n-i + 1}-3 = m + £o - 3* 

That is all culls in the array will fire at the sane time, 

t^m+2nO* Q 

Letting a = n, we find that the above solution, will cause the 
cells of a square array to fire at time t = 3 11 - 3i which is minimal 
by Theorem ^. 3 , Suppose however we ask for a solution to the firing 
squad problem which works only on square arrays* That is, we don't 
tar* what it does on arrays whinih are not square. Than it turns 
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out that we can obtain a solution in tiae 2 ji - 2 by using the sine L 
partitioning, Evowaver instead of treating the entire L as a Moore and 
Langdon firing squad* we treat each half as a 3alser firing squad. 

In addition we initiate the squad in row 1 at time 2i - Z rather than 
31 - 3* Tills result yielding a time of 2n - 2 for a square {which is 
Jprqvably the bast possible) yas discovered in parallel by the members 
of Seymour Payert r s class at M. I F T. 
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